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ABSTRACT 
The rep resen ta t ion  of rheologica l  s o i l  behavior by c o n s t i t u t i v e  
equations i s  a  new branch of s o i l  mechanics which has  been expanding f o r  
30 years .  Based on continuum mechanics, numerical methods ( f i n i t e  ele-  
ments) and experimental techniques, t h i s  new d i s c i p l i n e  allows p rac t i c -  
ing engineers t o  solve complex geotechnical  problems. A1 though a l  1 
s o i l s  a r e  cons t i tu t ed  of d i s c r e t e  mineral p a r t i c l e s ,  forces  and d is -  
placements wi th in  them a r e  represented by continuous s t r e s s e s  and 
s t r a i n s .  Most s t r e s s - s t r a i n  r e l a t i o n s h i p s ,  which describe the  s o i l  
behavior,  a re  derived from p l a s t i c i t y  theory. Originated f o r  metals ,  
the  conventional p l a s t i c i t y  i s  presented and i l l u s t r a t e d  simultaneously 
with a  metal and a s o i l  model. Each p l a s t i c i t y  concept may be 
c r i t i c i z e d  when appl ied  t o  s o i l .  A recent  theory,  c a l l e d  "bounding 
surf  ace p l a s t i c i t y ,  " genera l i zes  t h e  conventional p l a s t i c i t y  and 
descr ibes  more accura te ly  the  c y c l i c  responses of metals and c lays .  
This  new theory i s  f i r s t  presented and l inked wi th  the  conventional 
p l a s t i c i t y ,  then appl ied  t o  a  new mate r i a l ,  sand. Step by s t e p  a  new 
sand model i s  constructed,  mainly from da ta  ana lys i s  with an i n t e r a c t i v e  
computer code. I n  i t s  present  development, only monotonic loadings a r e  
inves t iga ted .  I n  order  t o  v e r i f y  t h e  model a b i l i t y  t o  descr ibe  sand 
responses,  i s o t r o p i c ,  drained and undrained t e s t s  on t h e  dense 
Sacramento River sand a r e  simulated numerical ly and compared with r e a l  
t e s t  r e s u l t s  and p r e d i c t i o n s  with another  model. F i n a l l y  the  new 
c o n s t i t u t i v e  equation,  which was formulated i n  the  p-q space f o r  
axisymmetric loadings,  i s  general ized i n  the  six-dimensional s t r e s s  
s t a t e  wi th  the assumption of isotropy and a par t i cu lar    ode's angle 
contribution.  This new model i s  ready t o  be used i n  f i n i t e  element 
codes t o  represent a sand behavior. 
I would l i k e  t o  express my s ince re  apprec ia t ion  t o  my advisor ,  
Professor  R.F. Sco t t ,  f o r  h i s  pat ience,  guidance and f i n a n c i a l  support 
during my s t u d i e s  and researches  a t  t he  Cal i forn ia  I n s t i t u t e  of Tech- 
nology. I am p a r t i c u l a r l y  indebted t o  him f o r  l e t t i n g  me teach a  term 
of h i s  graduate s o i l  mechanics course. 
My g ra t i tude  i s  a l s o  extended t o  Mrs. Sharon Beckenbach and Mrs. 
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CHAPrER I 
INTRODUcr ION 
S o i l  Mechanics i s  an  o l d  d i s c i p l i n e  i n  A r t s  and Sciences.  From t h e  
e a r l i e s t  t imes, when people s t a r t e d  t o  bu i ld ,  it was necessary t o  
cons t ruc t  app ropr i a t e  foundat ions.  Designed wi th  empir ica l ,  but  
neve r the l e s s  adequate techniques,  some foundat ions  s t i l l  support t h e i r  
s t r u c t u r e s ,  a f t e r  hundreds t o  thousands of years .  The Egyptians knew 
how t o  make a  wide ho r i zon ta l  plane almost p e r f e c t  t o  s t a r t  t h e i r  
pyramids, without t h e  h e l p  of o p t i c a l  devices:  they covered t h e  founda- 
t i o n  a r e a  wi th  water  and l eve l ed  o f f  t he  emerging ground. The Romans 
cons t ruc ted  roads wi th  pavement and a  base composed of d i f f e r e n t  types  
of aggregates.  As i n  most sc iences ,  t he  knowledge t h a t  Greeks and 
Romans accumulated was l o s t  during t h e  Middle Ages and recovered dur ing  
t h e  Renaissance. I n  I t a l y ,  successfu l  wooden p i l e  foundat ions were 
appl ied  i n  t h e  Lagoon of Venice; l e s s  successfu l  were the  foundat ions a t  
P i sa ,  but s t i l l  t o  our day adequate.  I n  t h e  e i g h t e e n t h c e n t u r y ,  
m i l i t a r y  engineers  such a s  Coulomb (1736-1806) app l i ed  h i s  f r i c t i o n  
theory  t o  o b t a i n  t h e  p re s su res  a c t i n g  on r e t a i n i n g  wa l l s .  The major 
development of foundat ion  techniques  came l a t e r  wi th  t h e  expansion of 
t h e  ra i lways  owing much t o  famous c o n t r i b u t o r s  such a s  Rankine (1820- 
1872) and Winkler (1835-1888). Up t o  t h e  beginning of the  twent ie th  
century ,  foundat ion engineering was not  d i s a s s o c i a t e d  from s t r u c t u r a l  
engineering.  Terzaghi  (1883-1963) caused S o i l  Mechanics t o  ga in  i t s  
independence and t o  be recognized a s  a  p a r t i c u l a r l y  important d i s c i p l i n e  
i n  Civi l  Engineering. Since t h a t  time, sub-discipl ine s have emerged i n  
S o i l  Mechani~a. 
From about 1955. a  new branch i n  s o i l  mechanics has been s t e a d i l y  
increasing:  the  c o n s t i t u t i v e  modeling of s o i l  behavior. By d e f i n i t i o n ,  
it  descr ibes  t h e  s o i l  behavior wi th  c o n s t i t u t i v e  equations using t h e  
framework of continuum mechanics. Rela t ions  between s t r a i n  and s t r e s s  
a r e  used eventual ly  i n  f i n i t e  element programs t o  solve engineering 
problems formulated a s  boundary-value problems. The s o i l  i s  t r e a t e d  a s  
an engineering mater ia l  i n  t h e  same way a s  s t e e l ,  concrete or  polymers. 
The development of t h i s  new branch may be apprec ia ted  i n  Fig. 1 . l a  
by the  number of pub l i ca t ions  i n  two s o i l s  mechanics journals :  a  B r i t i s h  
Journal ,  "Geotechnique," and an  American one, "the Geotechnical Engi- 
neering Divis ion  Journal  of t h e  American Society of C iv i l  Engineers ." 
These two journa l s  of s teady popu la r i ty  f o r  many yea r s  i n  s o i l  mechanics 
capture the increas ing  i n t e r e s t  i n  t h i s  new f i e l d .  However, they 
g r e a t l y  underestimate the  t o t a l  production of papers s ince the  recent  
c r e a t i o n  of spec ia l i zed  magazines such as  t h e  " In terna t ional  Journal  f o r  
Numerical and Analyt ica l  Methods i n  Geomechanics," "Mechanics of Materi- 
als, '* "Numerical Journal  f o r  Gemechanics," e tc .  
The d i f f e r e n t  peaks observed i n  Fig. l . l a  correspond t o  s i g n i f i c a n t  
events  of the  new branch h i s t o r y .  P r i o r  t o  1940. the  s o i l  behavior was 
represented by e l a s t i c i t y  theory. The p l a s t i c i t y  theory,  i n i t i a t e d  i n  
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Fig. 1.1. Number of papers on soil properties and soil constitutive 
equations published in two journals of steady popularity in 
soil mechanics: a British journal, "Geote~hniqae,'~ and an 
American one, "The Geotechnical Engineering Division Journal 
of the American Society of Civil Engineers, " 
a) accumulated publications of both journals 
b) separate publications of each journal. 
1868 by Tresca and S a i n t  Venant was only appl ied  t o  metal .  La ter ,  about 
1945, s o i l  p l a s t i c i t y  a t  i t s  beginning was s t r i c t l y  der ived  from metal 
p l a s t i c i t y .  But s o i l ,  compared t o  metal ,  has a  d i f f e r e n t  rheo log ica l  
behavior ,  which depends mainly on mean pressure  and dens i ty .  The f i r s t  
s o i l  models der ived  from metal p l a s t i c i t y  could not  descr ibe  the  d i f f e r -  
ence and were not  successfu l  n  s o i l  mechanics. I n  1955, Drucker, 
Gibson and Henkel [1.111 compensated f o r  t h i s  de f i c i ency  and proposed 
t h e  f i r s t  o r i g i n a l  s o i l  model which d i sa s soc i a t ed  s o i l  from metal 
p l a s t i c i t y .  I n  1956 an important s e r i e s  of experimental da t a  on c l ays  
was produced by Par ry  E1.191 i n  Great  B r i t a i n .  A few yea r s  l a t e r ,  t h i s  
abundant c o l l e c t i o n  of t e s t s ,  d r a ined  and undrained a t  d i f f e r e n t  confin- 
ing p re s su res ,  were i n t e r p r e t e d  by Roscoe, Schof ie ld  and Wroth 11.241. 
These r e sea rche r s  introduced t h e  concept of " c r i t i c a l  s t a t e "  i n t o  t h e  
p l a s t i c i t y  theory t o  c r e a t e  a  c l ay  model, s a t i s f a c t o r y  over a  wide range 
of t e s t s  and ove rconso l ida t ion  r a t i o s .  
I n  t h e  19501s, t h e  s o i l  models were only considered a s  a  un i fy ing  
approach t o  e x p l a i n  t h e  s o i l  response during va r ious  l abo ra to ry  t e s t s  
and f o r  d i f f e r e n t  i n i t i a l  dens i ty .  I n  p a r t i c u l a r  Roscoe, Schof i e l d ,  and 
Wroth 11.241 c o r r e l a t e d  normally and overconsol i da t ed  c l a y  behaviors  
during dra ined  and undrained t e s t s .  However, t he  s o i l  models could not  
be used t o  solve p r a c t i c a l  engineering problems. I f  these  problems were 
formulated a s  boundary value problems, t h e  nonl inear  s t r e s s - s t r a i n  r e l a -  
t i o n s h i p s  were l ead ing  t o  nonl inear  p a r t i a l  d i f f e r e n t i a l  equat ions,  
which could not  be solved wi th  the  e x i s t i n g  techniques,  i .e. ,  with 
a n a l y t i c a l  or  graphical  methods. About 1965, the  development of com- 
puter  f a c i l i t i e s  and numerical methods was a  turning poin t  i n  s o i l  
model ing. Most p r a c t i c a l  and complex geotechnical problems, which had 
been approached u n t i l  then with empirical methods, could be solved a s  
boundary value problems with the  he lp  of accurate and r igorous numerical 
techniques. F i n i t e  element and f i n i t e  d i f ference  methods o f fe red  the  
s o l u t i o n  t o  nonlinear  p a r t i a l  d i f f e r e n t i a l  equat ions with complex 
boundary condi t ions  and geometries. Simple s o i l  models s t a r t e d  t o  be 
used i n  f i n i t e  element codes, mostly derived from nonlinear  e l a s t i c i t y  
o r  meta l -p las t ic i ty .  They attempted t o  describe the  nonlinear  and 
nonreversible s o i l  behavior a s  simply a s  poss ib le  wi th  a  minimum number 
of parameters. Simultaneously, with the  t h e o r e t i c a l  development of s o i l  
models, the  t e s t i n g  technique evolved. The standard t r i a x i a l  t e s t  
became more ref ined .  Although o r ig ina ted  i n  1936 by Kjellman [1.141, 
the  t rue  t r i a x i a l  t e s t s  were applied t o  cubical  s o i l  samples i n  order  t o  
inves t iga te  the  influence of the  intermediate p r inc ipa l  s t r e s s  (e.g., KO 
and Sco t t  [1.151). I n  1975, s o i l  modeling was reanimated, mainly due t o  
t h e  growth of o f f  shore o i l  production technology. The main challenge i n  
t h i s  a rea  i s  t o  descr ibe  i n e l a s t i c  c y c l i c  s o i l  behavior occurring around 
foundations o r  p i l e s  during pe r iod ic  wave or  earthquake loading. The 
s o i l  models a r e  founded not  only on p l a s t i c i t y  theory, but a l s o  on 
d i f f e r e n t  c o n s t i t u t i v e  theor i e s  such as  rate-type equations. Thei r  
formulat ion becomes very t h e o r e t i c a l  and involves more and more mater ia l  
constants .  The t e s t i n g  techniques a l s o  become more sophis t ica ted .  For 
i l l u s t r a t i o n ,  i n  order  t o  def ine  the  s t r a i n  f i e l d  wi th in  a  sand sample, 
X-ray p i c t u r e s  a r e  taken t o  measure the  displacement of lead  s h o t s  
l oca t ed  wi th in  t h e  sample. The t e s t i n g  e f f o r t  i s  now o r i en t ed  towards 
t h e  e f f e c t  of r o t a t i o n  of p r i n c i p a l  s t r e s s e s  e i t h e r  wi th  the  hollow 
cy l inde r  apparatus  (e.g. Symes e t  a l .  11.2711 o r  w i th  t r i a x i a l  
appara tus  (e.g. Arthur e t  a l .  11.31). 
Recently,  a s  a response t o  t h i s  i nc rease  i n  t h e  nmnber of models 
and t o  demands from indus t ry ,  i n t e r n a t i o n a l  conferences have taken p lace  
a l l  over the  world: Montreal (19801, D e l f t  (1981),  Zurich (19821, 
Grenoble (19821, and Tucson (1983) a r e  examples. I n  these  forums of 
ma te r i a l  modeling, so many d i f f e r e n t  and con t r ad ic to ry  opin ions  have 
been formulated concerning t h e  r e 1  i a b i l i t y  and c a p a b i l i t y  of e x i s t i n g  
models t h a t  a n  at tempt  a t  a un i fy ing  approach becomes necessary.  
A s  a supplement t o  Fig. l . l a ,  Fig. l . l b  i l l u s t r a t e s  t h e  d i f f e r e n c e  
of a c t i v i t y  between Europe and t h e  United S t a t e s .  The B r i t i s h  publica- 
t i o n s  a r e  s t e a d i l y  i nc reas ing  while  t he  American ones fol low t h e  r u l e  of 
t h e  f r e e  market: demand and supply. 
Although the  s o i l  models a r e  t o o  numerous t o  be descr ibed  i n  
d e t a i l ,  t he  b a s i c  t h e o r i e s ,  on which they a r e  founded, a r e  more l i m i t e d  
i n  quant i ty .  To our knowledge, e i g h t  main d i v i s i o n s  may be 
d i s t i n g u i s h e d  i n  t h e  r e p r e s e n t a t i o n  of t h e  rate-independent behavior of 
s o i l .  
E l a s t i c i t y  
P l a s t i c i t y  ( s i n g l e  y i e l d  su r face )  
P l a s t i c i t y  (mul t ip le  y i e l d  su r faces )  
P l a s t i c i t y  (bounding surf  ace 
Endochroni c  
Rate- type 
Nonlinear incremental 
Empirical model 
Theories  such a s  t h e  above have been appl ied  t o  a l l  kinds of mater ia ls .  
I n  t h i s  respect ,  s o i l  has become an engineering mater ia l  such a s  s t e e l  
o r  concrete.  
For each c l a s s  of theory,  a  few examples a r e  given i n  Table 1.1. 
No attempt a t  an  exhaust ive p resen ta t ion  has  been made; only models 
be l ieved t o  be mostly s i g n i f i c a n t  a r e  present .  From t h i s  t a b l e  
d i f f e r e n t  information may be ext rac ted:  
m Age of the  model 
Type of s o i l  it  i s  bes t  q u a l i f i e d  t o  descr ibe ,  e.g,,  normally 
consolidated c l ays ,  sand, e t c .  
e Number of mater ia l  cons tants  which need t o  be spec i f i ed  by 
experiment t o  f u l l y  cha rac te r i ze  the  s o i l  behavior. I n  t h e  
same way t h a t  i s o t r o p i c  l i n e a r  e l a s t i c i t y  needs two cons tants ,  
E  Young's modulus and V Poisson's  r a t i o ,  a l l  models r equ i re  
s imi la r  cons tan t s  d i f f e r e n t  f o r  every mater ia l .  The number of 
cons tants  i s  a  s ign of complexity, not only regarding t h e  
TABLE 1.1 PRINCIPAL MODELS IN SOIL HECBAh'ICS 
Fr*rework 
P l a s t i c i t y  
Single Yield 
Surf ace 
P l a s t i c i t y  
Multiple 
Yield Surfaces 
Boundin8 
Surface (B.S.) 
P1aa t i c i ty  
Endochronic 
Theory 
Bate Type 
N o r l i n e a r  
Incremental 
Authors Data of Mater ial  Number of h b l  i- %PO P a r m e t e r s  I Coament a  I c a t i o n  1 I 
Schof i e l d  1968 Normally and o v e r  3 
Wroth consol idated clay.  
1 * ~ s o t r o p i o  1 
One of t h e  f i r s t  models f o r  clay. 
Large e l a s t i c  domain f o r  overcon- 
so l ids ted  clay.  
Similar t o  Scbof ield-Wroth model but 
d i f f e r e n t  shape f o r  y i e l d  surface.  
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theoretical notions, but a1 so i n  the experimental processes 
required t o  establ ish  the constants for a particular theory or 
model. 
CHAPTER I1 
THE MATERIAL SOIL AS A CONTINUUM 
2.1 APPLICATION OF CONTINUUM MECHANICS TO ASSEMJ3LY OF DISCRETE 
PARTICLES 
A l l  s o i l s  (sands,  s i l t s  o r  c l a y s )  c o n s i s t  of an assemblage of many 
indiv idua l  p a r t i c l e s  wi th  a i r  andlor  l i q u i d  f i l l i n g  t h e  void between 
p a r t i c l e s .  A sand i s  composed of approximately rotund p a r t i c l e s  wi th  
sharp o r  rounded co rne r s  and s i z e  varying from 0.06 t o  2 mil l ime te r s  a s  
u sua l ly  def ined,  S i l t s  have p a r t i c l e  s i z e s  ranging from 0.06 t o  0.002 
mil l imeters .  A v a r i e t y  of minera ls  such a s  qua r t z  and f e l d s p a r s  may be 
found i n  both m a t e r i a l s .  The i n t e r a c t i o n  r e l a t i o n  between g r a i n s  i s  
f r i c t i o n a l .  Clays c o n s i s t  of small  p l a t e s  wi th  s i z e  from 0.002 t o  
mi l l ime te r s  h e l d  t o g e t h e r  by short-range i n t e r a c t i o n  fo rces .  Clay 
minera ls ,  kaol i n i t e ,  i l l i t e ,  montmori l loni te ,  e t c . ,  a r e  d i f f e r e n t  from 
those i n  sands and s i l t s .  A b e t t e r  d e s c r i p t i o n  of s o i l s  c o n s t i t u t i o n  
may be found i n  most s o i l  mechanics textbooks, e.g., Lambe and Whitman 
l2.101. According t o  t h e i r  s i z e ,  t he  g r a i n s  of sands and s i l t s  may be 
observed with t h e  naked eye o r  a  magnifying l ens ;  c l ay  p a r t i c l e s  can 
only  be examined wi th  a  powerful microscope o r  electron-microscope. 
Since t h e i r  phys ica l  c o n s t i t u t i o n  i s  more e a s i l y  observable,  our a t ten-  
t i o n  i s  drawn p a r t i c u l a r l y  t o  t h e  coa r se r  granular  media. 
When ex te rna l  loadings ,  composed of prescr ibed  displacement and/or  
f o r c e s ,  a r e  app l i ed  t o  a  granular  mass a s  shown i n  Fig. 2 . la ,  
r e d i s t r i b u t i o n  of f o r c e s  and displacement occurs  i n s ide  the  ma te r i a l  
volume. Looking c l o s e l y  i n  t h e  neighborhood of a  given p a r t i c l e ,  
neighbor p a r t i c l e s  form con tac t s  a s  shown i n  Fig. 2.lb.  Each contac t  
a c t i o n ,  which i s  d i s t r i b u t e d  over  a  small a rea  of a  g ra in ,  may be 
represented  by a  r e s u l t a n t  fo rce  and a  torque, l oca t ed  a t  t he  contac t  
pos i t i on .  I n  most microscopic s t u d i e s ,  t h i s  torque i s  neglec ted  
according t o  t h e  small  s i z e  of contac t  a rea .  The p o s i t i o n s  of contac t  
f o r c e s  change during a p p l i c a t i o n  of loading;  even tua l ly  t he  con tac t s  may 
be de l e t ed ,  or  re loca ted .  Each g ra in ,  which i s  gene ra l ly  represented  by 
a  r i g i d  body, has  a  displacement which i s  cha rac t e r i zed  by the  t r ans l a -  
t i o n  and t h e  r o t a t i o n  of t h e  cen t ro id .  The g loba l  mass deformation 
r e s u l t s  from r e l a t i v e  p a r t i c l e  motions, s l ippage  of c o n t a c t s  and 
r eo rgan iza t ion  of l o c a l  s t r u c t u r e ,  i . e . ,  from microscopic changes i n  
f o r c e s  and displacements.  
Although i t  corresponds t o  r e a l i t y ,  t h i s  d e s c r i p t i o n  of t he  physics  
of a  granular  m a t e r i a l  cannot be appl ied  t o  solve engineering problems 
p r a c t i c a l l y  f o r  v a r i o u s  reasons:  It i s  impossible t o  def ine  exac t ly  t h e  
geometry of each g ra in ,  corner ,  edge, e t c . ,  f o r  t he  volume of ma te r i a l  
considered i n  a  geotechnica l  problem. But even f o r  well-defined g r a i n  
geometry such a s  a  r e g u l a r  assembly of uniform spheres ,  the  number of 
unknowns c o n s t i t u t e s  a  b a r r i e r  t o  any ana lys i s .  For i l l u s t r a t i o n  
9 9 purposes,  a  cubic  meter con ta ins  approximately 2.10 t o  3.10 spheres  of 
Fig. 2.1. Transition from an assembly of discrete particles to a 
continuous medium. 
(a) Volume of granular material subjected along its boundary 
to prescribed forces andlor displacements. 
(b) Normal and tangential forces acting on grain contacts at 
a microscopic level. 
(c) Translation and rotation of each grain at a microscopic 
1 eve1 . 
(dl Approximation of the discrete system of contact forces in 
(b) by a continuous distribution of traction vector. 
(e) Representation of displacement of each grain in (c) by a 
cont inuous displacement field. 
1 mm i n  r ad ius ,  depending on whether they a r e  organized i n  uniform sim- 
p l e  cubic o r  c losed  hexagonal packing ( a f t e r  Deresiewicz E2.81). Since 
each sphere and each contac t  ( force-pos i t ion)  possesses  6 degrees  of 
freedom, the  t o t a l  number of unknown q u a n t i t i e s  may reach 4 . 1 0 ~ ~  which 
i s  s t i l l  a  p r o h i b i t i v e  number f o r  a l l  p resent  ana lyses ,  t h e o r e t i c a l ,  
experimental or  numerical. 
A .  a l t e r n a t i v e  way t o  solve t h e  problem of Fig. 2 . l a  i s  t o  assume 
t h a t  t he  d i s c r e t e  d i s t r i b u t i o n  of f o r c e s  and displacement i n  t h e  
g ranu la r  mass may be represented  by continuous q u a n t i t i e s .  The dis-  
placement of p a r t i c l e s  i n  t h e  neighborhood of a  p a r t i c l e ,  a t  i n i t i a l  
p o s i t i o n  x t i l d e  i n  a  re ference  frame, is  smoothed by a  continuous dis-  
placement f i e l d  denoted u t i l d e  ( x t i l d e ,  t )  depending on i n i t i a l  p o s i t i o n  
x t i l d e  and time t (Fig. 2 . l e ) .  I n  a  s imi l a r  way, t he  contac t  f o r c e s  a r e  
averaged by a  continuous d i s t r i b u t i o n  of s t r e s s  v e c t o r s ,  sometimes 
c a l l e d  t r a c t i o n  v e c t o r s  (Fig. 2 . l d ) .  Each vec to r  depends only on t h e  
p o s i t i o n  a t  time t of a  p a r t i c l e  i n i t i a l l y  a t  p o s i t i o n  5 ,  and on t h e  
u n i t  vec to r  g t o  some u n i t  a r ea  sur face  on which i t  i s  ac t ing .  The 
s t r e s s  vec to r  i s  denoted t a u t i l d e .  It i s  assumed t o  depend only on t h e  
d i r e c t i o n  of t he  contac t  sur face  where i t  a c t s ,  not on i t s  curvature.  
These assumptions of c o n t i n u i t y  f o r  t he  displacements  and a c t i n g  
f o r c e s  w i th in  a  g ranu la r  mass r a i s e  a  few i n t e r e s t i n g  ques t ions  which 
seem t o  be rega in ing  favor  r e c e n t l y  i n  m a t e r i a l  modeling. These 
hypotheses may be examined wi th  t h r e e  d i f f e r e n t  approaches; experimental 
techniques i s  one of them. I n  such an approach, d i s c r e t e  q u a n t i t i e s  
such a s  t h e  displacement of ind iv idua l  p a r t i c l e s  and f o r c e s  a t  t he  
con tac t s  can be measured on some simpler phys ica l  ma te r i a l  model. Exam- 
p l e s  a r e  assemblies  of o p t i c a l l y  s e n s i t i v e  d isks .  Forces a t  c o n t a c t s  
a r e  obtained from p h o t o e l a s t i c i t y  e f f e c t s ;  displacements  a r e  found by 
comparison of photographs made a t  va r ious  s t a g e s  of t he  experiment. 
This  method was used by Dantu C2.61, De J o s s e l i n  de Jong and V e r r u i j t  
C2.71, and Van der  Kogel C2.181. I n  a recent  experiment,  Luong 12.111 
used i n f r a r e d  thermography t o  de t ec t  l o c a l i z a t i o n  of energy d i s s i p a t i o n  
by f r i c t i o n  i n  r e a l  sand samples. 
Complementing t h e  experimental approach on simp1 i f  ied ma te r i a l  
Cundall and S t r a c k  C2.31 and S c o t t  and Craig C2.161 propose t o  use com- 
p u t e r s  t o  s imulate  two-dimensional ma te r i a l  behavior.  Numerical and 
r e a l  experiments on i d e a l i z e d  ma te r i a l  cons i s t i ng  of two-dimensional 
assembly of d i s k s  were compared by Cundall e t  a l .  12.51. 
The t h i r d  approach involved general  t h e o r e t i c a l  work, s t a r t i n g  from 
microscopic behavior t o  o b t a i n  macroscopic response. Such a t  tempts have 
given some use fu l  r e s u l t s  i n  terms of physics  of ma te r i a l  behavior such 
a s  t h e  s t r e s s -d i l a t ancy  theory,  which was o r i g i n a l l y  formulated i n  1962 
by Rowe C2.151 and mathematical ly  founded i n  1965 by Horne 12.91 f o r  
spheres.  The s t r e s s -d i l a t ancy  theory was a b l e  t o  exp la in  q u a l i t a t i v e l y  
and q u a n t i t a t i v e l y  how sands d i l a t e  when subjec ted  t o  shearing s t r e s s e s .  
I n  1982, r ecen t  works, such a s  Nemat-Nasser 12.13,2.21 and Oda and 
Konishi 12.141, p r w e  t h a t  t h e  microscopic i s  rega in ing  favor  i n  
mate r i a l  modeling, and i s  e s p e c i a l l y  j u s t i f i e d  i n  view of the  inc reas ing  
complexity of c o n s t i t u t i v e  equat ions  f o r  s o i l s .  
A 1  1 the  above approaches, experimental,  numerical o r  t h e o r e t i c a l ,  
g ive  r e s u l t s  on d i s c r e t e  q u a n t i t i e s .  Since they a r e  founded on r e a l  
physics  of m a t e r i a l s ,  t h e i r  outcome, may be i n t e r p r e t e d  s i g n i f i c a n t l y  i n  
terms of continuous q u a n t i t i e s .  All  t r a n s i t i o n s  from d i s c r e t e  t o  
continuous involve averaging processes ,  gene ra l ly  performed on some 
f i n i t e  ma te r i a l  volume. For i l l u s t r a t i o n ,  Cundall e t  a l .  t2.51 d e f i n e s  
t h e  deformation g rad ien t  (which c h a r a c t e r i z e s  u l t i m a t e l y  t h e  s t r a i n s ) ,  
i n  an  assembly of d i s c r e t e  d i s k s ,  i n  t h e  fol lowing way: F i r s t ,  the  
equiva len t  continuous displacement f i e l d ,  a t  any po in t  x t i l d e  of t he  
continuum, i s  def ined  e i t h e r  by t h e  r e a l  displacement of a d i s k  p a r t i c l e  
o r  by t h e  imaginary continuous displacement which e x t r a p o l a t e s  t h e  
motion of p a r t i c l e s  surrounding t h e  i n s t e r s t i t i a l  space; t h i s  choice 
depends on whether o r  not t h e  po in t  x t i l d e  l i e s  on a d isk .  
The average displacement g rad ien t  t enso r  wi th  Ca r t e s i an  component 
- 
u may be def ined  a s  i, j 
where u i s  t h e  ith component of t h e  equiva len t  continuous displacement i 
aui 
f i e l d ,  - i s  t h e  g rad ien t  of continuous displacement f i e l d ,  and V i s  a 
ax; 
mate r i a l  volume s e l e c t e d  l a r g e  enough t o  y i e l d  s i g n i f i c a n t  continuous 
r e s u l t s .  
It i s  no t  c e r t a i n  t h a t  a l l  d i s c r e t e  q u a n t i t i e s  may be averaged 
without  l o s i n g  some s i g n i f i c a n t  physics  of t h e  ma te r i a l  behavior.  For 
i n s t ance ,  t he  averaging process  f o r  t he  deformation g rad ien t  may hide 
d i s c o n t i n u i t i e s  i n  t h e  displacement f i e l d ,  such a s  l o c a l i z e d  shear  band. 
Such d i s c o n t i n u i t i e s ,  not always easy t o  c h a r a c t e r i z e  w i th in  a  d i s c r e t e  
system, make meaningless t h e  t r a n s i t i o n  from d i s c r e t e  t o  continuous. It 
w i l l  be i n t e r e s t i n g  t o  e s t a b l i s h  c r i t e r i a  f o r  such t r a n s i t i o n s ;  they 
could y i e l d  i n s t r u c t i v e  da t a  on how d i s c o n t i n u i t i e s  emerge and s t r e s s -  
l o c a l i z a t i o n  appears .  I n  a  continuum mechanics contex t ,  these  r e s u l t s  
would be use fu l  wi th  b i f u r c a t i o n  methods app l i ed  t o  boundary value 
problems. 
However, d i s r ega rd ing  t h e  microscopic aspec t  of mater ia l  behavior ,  
t he  general  a t t i t u d e  i n  s o i l  modeling i s  more pragmatic. General ly  
urged by immediate concerns,  p r a c t i c i n g  engineers  do not ques t ion  t h e  
v a l i d i t y  of t h e  c o n t i n u i t y  assumption t o  r ep re sen t  s o i l  behavior.  This  
short-term a t t i t u d e  i s  q u i t e  j u s t i f i e d  by t h e  combined power of 
continuum mechanics and of numerical techniques coupled wi th  computers. 
The ma te r i a l  behavior descr ibed  i n  terms of mathematical c o n s t i t u t i v e  
equa t ions  i s  compatible wi th  numerical methods such a s  f i n i t e  elements.  
Most engineering problems wi th  complex geometr ies  and s o p h i s t i c a t e d  
m a t e r i a l s  become so lvable  a s  boundary value problems. 
Once the  c o n t i n u i t y  assumption has  been se l ec t ed  t o  descr ibe  a  
s o i l ,  a l l  continuum mechanics r e s u l t s  may be appl ied .  The f i r s t  s t e p  i s  
t o  def ine  the  kinematics  of t h e  m a t e r i a l ,  i . e . ,  t h e  motion wi th in  it i n  
terms of displacement,  v e l o c i t y  and a c c e l e r a t i o n  and t h e  k i n e t i c s  
ac t ing ,  i . e . ,  t he  f o r c e s  developed compatible wi th  t h e  motion. 
2.2 DESCRIPTION OF KINEMATICS 
Only the  necessary concepts  f o r  t h i s  p r e s e n t a t i o n  a r e  def ined.  A 
more general  d e s c r i p t i o n  of t h e  kinematics  i n  a  continuum may be found 
i n  va r ious  textbooks on continuum mechanics (e .  g. ,  Malvern [2.121 , 
Truesde l l  and Toupin E2.171). 
I n  a  conventional way, f o r  s i m p l i c i t y ,  only small  displacements  a r e  
considered. The deformations a r e  cha rac t e r i zed  by the  i n f i n i t e s i m a l  
symmetric s t r a i n  t e n s o r  e p s i l o n t  w i th  Ca r t e s i an  components e i j  such t h a t  
where u i ( x t i l d e ,  t )  a r e  t h e  Ca r t e s i an  components of t he  displacement 
aui 
f i e l d  a t  time t of a  ma te r i a l  po in t  i n i t i a l l y  a t  p o s i t i o n  x t i l d e  and - 
ax j 
a r e  p a r t i a l  d e r i v a t i v e s  of t h e  ith displacement f i e l d  coord ina te  wi th  
r e spec t  t o  t h e  j  th p o s i t i o n  coordinate .  
From t h i s  t o t a l  s t r a i n ,  which desc r ibes  a  s t a t e  of deformation 
w i t h i n  a  m a t e r i a l ,  an  incremental  q u a n t i t y  may be def ined  a s  Bio t  12.11, 
t o  r ep re sen t  changes about t h i s  s t a t e .  Between time t and i n f i n i t e l y  
c lo se  time t+dt  increments of s t r a i n s  a r e  def ined  by s u b s t i t u t i n g  t h e  
incremental displacement f i e l d  between time t and time t+d t  i n  r e l a t i o n  
(2.2) .  Another approach, commonly used i n  s o l i d  mechanics, i s  t o  employ 
r a t e  i n s t ead  of increment. Within our p re sen ta t ion  both d e s c r i p t i o n s  
a r e  equiva len t ,  s ince  any increment (displacement o r  o t h e r )  i s  a r a t e  
mu l t ip l i ed  by an increment of time d t .  Increments a r e  used he re  s ince  
we a r e  only concerned wi th  rate-independent ma te r i a l .  
The p r i n c i p a l  va lues  of t h e  s t r a i n  tensor  a r e  denoted E ~ , ~ ~ , ~ ~ .  
For t he  spec i a l  axisymmetric condi t ions ,  def ined  by: 
E i j = 0 when i P j  ( i* j=1,2,3) (2.3b) 
two new coord ina tes  a r e  introduced s and aq; they a r e  r e l a t e d  t o  
v 
p r i n c i p a l  components i n  t h e  fo l lowing  way: 
These l a s t  d e f i n i t i o n s  have been commonly used i n  s o i l  mechanics f o r  
axisymmetric s t a t e s  s ince  the  e a r l y  s o i l  models were developed i n  1960. 
A s  a common convention i n  s o i l  mechanics, a l l  compressive s t r a i n s  a r e  
taken p o s i t i v e ,  and t e n s i l e  s t r a i n s  nega t ive ,  i . e . ,  they have the  
opposi te  s ign  t o  t h e  usual s o l i d  mechanics convention. 
2.3 DESCRIPTION OF KImTICS 
The f o r c e s  i n s ide  a  ma te r i a l  a r e  represented  by t h e  Cauchy s t r e s s  
tensor  sigmat wi th  Ca r t e s i an  coord ina tes  o i j  a t  p o s i t i o n  = t i l d e  and time 
t. The increment of s t r e s s  between time t and t + d t  i s  descr ibed by the  
incremental s t r e s s  t e n s o r  dsigmat wi th  components doij . 
The p r i n c i p a l  va lues  of t h e  s t r e s s  t enso r  a r e  denoted ol,a2,a3. 
For ax i  symme tr i c  1 oading , i. e. , 
o  i j  = 0 ,  when ifij (i ,  j=1,2,3) 
only two s t r e s s  components a r e  necessary:  p  and q def ined  a s :  
As f o r  s t r a i n s ,  a l l  compressive s t r e s s e s  a r e  p o s i t i v e ,  t e n s i l e  s t r e s s e s  
2  nega t ive .  Now, t h e  c o e f f i c i e n t  en t e r ing  t h e  d e f i n i t i o n  of E i n  r e l a -  Q 
t i o n  (2.4b) may be j u s t i f i e d ;  it was s e l e c t e d  i n  o rde r  t o  conserve a 
simple form f o r  t h e  incremental  work dW def ined  a s  
dW = bij dei j  (sum on i, j=1,2,3) (2.7a) 
By c a l c u l a t i o n ,  using t h e  axisymmetric cond i t i on  spec i f i ed  i n  r e l a -  
t i o n s  (2.5) and (2.3) 
It should be kept i n  mind t h a t  t h i s  r e p r e s e n t a t i o n  of s t r e s s e s  and 
s t r a i n s  wi th  p, q, e  
v s  E q  i s  r e s t r i c t e d  t o  axisymmetric loading;  i t s  
convenience i n  s tudying s o i l  behavior i n  t h e  s tandard  t r i a x i a l  appara tus  
j u s t i f i e s  i t s  use. 
CHAPTER I11 
CLASSICAL PLASTICITY THEORY 
The p l a s t i c i t y  theory s t a r t e d  i n  1868 when Tresca presented two 
notes deal ing wi th  the  flow of metals under g rea t  pressures  t o  the  
French Academy. Saint-Venant (1797-1886) , who had t o  prepare a r epor t  
on t h a t  work a s  member of the  Academy, became i n t e r e s t e d  i n  t h i s  
subject .  He was t h e  f i r s t  t o  s e t  up t h e  fundamental equations of 
p l a s t i c i t y  and t o  use them i n  p r a c t i c a l  problems. Around 1950, famous 
cont r ibutors  l i k e  H i l l  13.41 completed t h e  mathematical s t r u c t u r e  of 
p l a s t i c i t y .  
Or ig inal ly  concerned wi th  y ie ld ing  of metal, t h i s  theory was only 
applied t o  s o i l  around 1960. I t s  fundamental b a s i s  l i e s  i n  observations 
made from the  simplest t e s t i n g  o n m a t e r i a l :  t he  uniaxia l  t e s t .  A l l  the  
physical observations,  obtained f o r  the  simple nnidimensional s t a t e ,  
have been general ized t o  the  combined s t a t e  of s t r e s s  (six-dimensional) 
i n  a  t ensor ia l  form with the  he lp  of geometrical considerat ions.  
3.1 FUNDAMENTAL PLASTICITY CONCEPTS FROM UNIAXIAL TESTS 
A typ ica l  s t r e s s - s t r a i n  curve obtained i n  a  uniaxia l  t e s t  of most 
ma te r i a l  (metal,  s o i l ,  e tc . )  i s  shown i n  Fig. 3.la. Only the  a x i a l  
component of s t r e s s  and s t r a i n  i s  recorded; both a r e  assumed t o  be 
uniformly d i s t r i b u t e d  i n  t h e  sample. I n  t h e  p a r t i c u l a r  example of Fig. 
3 . la ,  t h ree  cycles  of loading-reloading a r e  performed. I n  order  t o  be 
F i g .  3 . l a .  Typical  s t r e s s - s t r a i n  curve i n  u n i a x i a l  t e s t  performed on a  
r e a l  m a t e r i a l .  
F i g .  3 . l b .  I d e a l i z e d  g l o b a l  and incremental  mater ia l  responses  f o r  
development of p l a s t i c i t y  theory.  
described with mathematical terms, t h i s  complex nonlinear and i r revers i -  
b l e  behavior must be approximated without los ing s i g n i f i c a n t  f ea tares .  
Such a schematic mater ia l  response i s  shown i n  Fig. 3 . lb and may be 
de scribed by the  f 01 lowing remarks : 
1. The response i s  revers ib le  around t h e  origin;  it may be 
represented by an i s o t r o p i c  l i n e a r l y  e l a s t i c  behavior t o  a 
f i r s t  approximation. 
2 .  A threshold f o r  r e v e r s i b i l i t y  i s  reached when the  s t r e s s  
exceeds a "yield shear" or  e l a s t i c  l i m i t .  Beyond t h i s  l i m i t ,  
denoted 6, i r r e v e r s i b i l i t y  i s  characterized by permanent or  
unrecoverable deformation a f t e r  a s t r e s s  removal (Pig. 3 .lb). 
3. Following yie ld ing,  more apparent nonlinear e f f e c t s  manifest 
themselves: the  s t r ess - s t ra in  curve bends towards t h e  s t r a i n  
axis .  
4. Daring unloading and reloading,  the  response i s  almost p a r a l l e l  
t o  the  i n i t i a l  response about the  o r i g i n  ( i f  the  h y s t e r e t i c  
phenomenon i s  ignored). 
5. A t  t he  end of a reloading,  the  s t r a i n  e i s  t h e  sum of an anre- 
coverable s t r a i n  sP and a recoverable s t r a i n  ee (Fig, 3 , lb ) :  
6. The response during a reloading phase i s  revers ib le  u n t i l  the  
s t r e s s  exceeds a new y i e l d  s t r e s s :  t h e  previous y ie ld ing 
s t r e s s  has  increased i t s  value t o  t h e  highest  value taken by 
t he  s t r e s s  s t a t e  during t h e  loading h i s t o r y .  The ma te r i a l  
looks harder  than  i t  was o r i g i n a l l y ;  t h i s  phenomenon i s  known 
a s  " s t r a i n  hardening." This remark a l s o  a p p l i e s  f o r  successive 
unl oading-reloading proce sse  s. 
7. The ma te r i a l  e x h i b i t s  some memory of i t s  previous loading h is -  
tory.  This remembrance a b i l i t y  may be captured by t h e  y i e l d  
s t r e s s  value. Other v a r i a b l e s  c a l l e d  ' I internal  var iables ,"  may 
be defined t o  cha rac te r i ze  t h i s  memory. This terminology comes 
from i r r e v e r s i b l e  thermodynamics. I n  order  t o  f u l l y  
cha rac te r i ze  an  i r r e v e r s i b l e  thermodynamic s t a t e ,  t he  
"observed" or  "external" v a r i a b l e s  such a s  temperature and 
s t r e s s  a r e  i n s u f f i c i e n t ;  new va r i ab les ,  c a l l e d  "hiddent' o r  
" in terna l"  must a l s o  be defined. 
8. The ma te r i a l  f a i l s  when t h e  s t r e s s  reaches  a  f i n a l  f a i l u r e  
s t r e s s .  This  f a i l u r e  s t r e s s ,  the  l i m i t  of t he  poss ib le  s t r e s s  
f o r  a  ma te r i a l ,  d i f f e r s  from t h e  y i e l d  s t r e s s  which i s  t h e  
threshold  f o r  i r r e v e r s i b l e  s t r a i n .  
I n  a  d i f f e r e n t  system of coordinates ,  s t r e s s - p l a s t i c  s t r a i n ,  ( t h e  
r e v e r s i b l e  s t r a i n  i s  removed from the  t o t a l  s t r a i n )  t h e  ma te r i a l  
response of Fig. 3 . lb  i s  shown i n  Fig. 3 . lc.  
A t  an  incremental l e v e l ,  i .e. ,  f o r  an i n f i n i t e s i m a l  increment of 
s t r e s s ,  da,  a s  shown i n  Fig. 3 .lb, t h e  above remarks a l s o  per ta in .  
The incremental s t r a i n  de, corresponding t o  a s t r e s s  increment da, 
from a s t a t e  a ,  i s  equal to: 
a )  only the  e l a s t i c  s t r a i n  increment dee, i.e.: 
i f  the  s t r e s s  s t a t e  a is l e s s  than the  y i e l d  s t r e s s  a* o r  i f  
the  s t r e s s  increment da is  negative. 
b)  t h e  sum of e l a s t i c  and p l a s t i c  incremental s t r a i n  respect ively  
dee and deP, i.e.: 
i f  the s t r e s s  s t a t e  a i s  equal t o  t h e  y i e l d  s t r e s s  a* and the  
s t r e s s  increment da  i s  pos i t ive .  
I n  contras t  t o  most ma te r i a l s ,  which strain-harden i n  uniaxia l  t e s t s  a s  
indica ted  i n  Fig. 3. la ,  s o i l s ,  under some circumstances, present a more 
complex behavior, known a s  "strain-sof tening," represented i n  Fig. 3 .ld. 
Obtained with s t ra in-control led  t e s t i n g  devices, the  s t r e s s  i s  observed 
t o  decay as  the  s t r a i n  exceeds some value. Although the  s t r e s s  a 
decreases, t h i s  behavior i s  d i f f e r e n t  from unloading a s  shown i n  Fig. 
3.ld. During unloading both s t r a i n  and s t r e s s  increments a r e  negative, 
while during strain-softening these  increments have opposite signs. 
These two d i f f e r e n t  processes a r e  d is t inguished by the  sign $ da, where 
S i s  t h e  slope of the  s t r ess - s t ra in  curve a t  s t r e s s  a. For unloading 
da i s  negative, whereas f o r  loading, with or  without s train-softening,  
1 5 da i s  posi t ive .  
3.2 GENERALIZATION TO SIX-DIMENSIONAL STRESS SPACE 
A l l  fundamental concepts, introduced f o r  the simple unidimensional 
s t a t e  of s t r e s s  and s t r a i n ,  need t o  be generalized f o r  every possible 
combined s t a t e  i n  the  space of the  symmetric Cauchy s t r e s s  tensor  and of 
the  in f in i t e s imal  s t r a i n  tensor. A conventional s t r e s s  formulation has 
been preferred  t o  a s t r a i n  formulation (Naghdi and Trapp 13.71, Yoder 
13 .I31 1. A l l  genera l iza t ions  t o  t h e  six-dimensional s t r e s s  space a r e  
performed i n  Cartesian t e n s o r i a l  form, with the  he lp  of Euclidean 
geometrical considerat ions.  Twopar t i cu la r  simplemodels, one applied 
t o  metal,  the  o ther  t o  s o i l ,  i l l u s t r a t e  s t epby-s tep  the  presenta t ion of 
each new p l a s t i c i t y  concept. 
The s t r e s s  s t a t e  i s  represented by the  Cauchy s t r e s s  tensor Q, with 
s i x  independent Cartesian components a. .  , ( i, j = 1,2,3) . The increment 
1J 
of s t r e s s  i s  described by the  incremental s t r e s s  tensor  dg with 
e 
components da. .  (i, j = 1,2,3). The s t r a i n s ,  corresponding t o  e,e ,eP i n  
1J 
t h e  ~ i d i m e n s i o n a l  case, a r e  represented by the  following quan t i t i e s :  
L ( t o t a l )  s t r a i n  s t a t e  with components si j  , (i, j=1,2,3) 
Ee e l a s t i c  s t r a i n  s t a t e  with components se i j  * (i, j=1,2,3) 
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gp p l a s t i c  s t r a i n  s t a t e  with components eP i j  * (i ,  j=1,2,3) 
The increments of s t r a i n s ,  t o t a l ,  e l a s t i c  or  p l a s t i c  a r e  denoted by: 
dg  increment of t o t a l  s t r a i n  with components de , (is j=1,2,3) 
i j  
dge increment of e l a s t i c  s t r a i n  with components de i j  , (i,  j=1,2,3) 
dgp increment of p l a s t i c  s t r a i n  with components dep . ( i , j=1,2,3)  
i j  
The desc r ip t ion  of t o t a l  s t r a i n  i n t o  e l a s t i c  and p l a s t i c  s t r a i n  i s  s t i l l  
assumed t o  be v a l i d  i n  t h e  six-dimensional s t r a i n  space 
o r  i n  terms of components 
For inc r  ements, the  same a s  s m p t i o n  holds: 
de..  = dee + deP 
i j i j 1J 
The increment d& i s  f u l l y  character ized by i t s  Euclidean norm and i t s  
d i rec t ion .  The norm, denoted 1 ldgl 1 ,  i s  defined such tha t :  
The f a c t o r  2  i n  f r o n t  of the  shear s t r a i n ,  deij, where i i s  d i f f e r e n t  
from j,  takes i n t o  account the  symmetry of the in f in i t e s imal  s t r a i n  t e r r  
sor  dg. This l a s t  d e f i n i t i o n  may be contracted using E ins te in ' s  implied 
snm notat ion:  
The implied snm convention i s  an  a t t r a c t i v e  way t o  condense equations 
and i s  used f requent ly  i n  t h e  r e s t  of t h i s  presentat ion.  The d i r e c t i o n  
of d!Z, i s  defined by the  u n i t  vector  ar with the  same d i r e c t i o n  and the  
f  01 lowing components : 
- m . .  - 
d = i  i
1J l l d g l l  ' ( in  j=1,2,3) 
The d e f i n i t i o n s  (3.6) and (3.7) apply t o  any increments, i n  par t ic-  
u l a r  t o  p l a s t i c  and e l a s t i c  s t r a i n  increments dgp and dlZe. To define dg 
r e s u l t i n g  from an increment of s t r e s s  dg a t  a  s t a t e  a, dae and dgp need 
t o  be determined. dae i s  found by using an  e l a s t i c  model, whereas t o  
f a l l y  character ize  dgP, th ree  po in t s  remain t o  be examined: 
1) existence,  2) d i r e c t i o n  and 3) amplitude. These aspects  r e f e r  i n  
t a r n  t o  the  y i e l d  c r i t e r i o n ,  the flow r u l e  and t h e  hardening r ~ l e s ~  
which a r e  described a s  follows. 
3.2.1 Existence of Unrecoverable S t r a i n  (Yield C r i t e r i o n )  
The y i e l d  po in t  a* defined i n  t h e  uniaxia l  t e s t ,  is general ized 
i n t o  a  hypersurface i n  t h e  six-dimensional s t r e s s  space, c a l l e d  t h e  
"Yield Surface" ( t h e  p r e f i x  "hyper" i s  usual ly  omit ted) .  By d e f i n i t i o n ,  
t h e  y i e l d  sur face  encloses  a  domain i n  s t r e s s  space i n  which any 
i n f i n i t e s i m a l  s t r e s s  change produces only recoverable s t r a i n .  This 
surface i s  represented by a general equation: 
o r  expl i c i  t l y  
where E or  rl,r2,...,rn r e f e r  t o  t h e  parameters con t ro l l ing  t h e  s i z e ,  
shape, e tc . ,  of t h e  y i e l d  surface.  Once the  y i e l d  sur face  has  been 
defined,  t h e  presence or  absence of unrecoverable s t r a i n ,  a t  some s t r e s s  
s t a t e ,  i s  charac ter ized  by t h e  "yield cr i te r ion" .  
Yield c r i t e r i o n :  
a )  f (g ,x)  < 0, t h e  s t r e s s  s t a t e  a l i e s  in s ide  the  y i e l d  surface;  any 
increment of s t r e s s  c r e a t e s  only incremental e l a s t i c  s t r a i n  dge, 
i.e., dgP = jZ. 
b )  f (g ,g )  = 0,  the  s t r e s s  s t a t e  g, l i e s  on t h e  y i e l d  surface.  I f  dg i s  
oriented outwards ( loading) ,  i r r e v e r s i b l e  s t r a i n  r e s u l t s ,  i.e. 
d!Ap #Q; i f  dg po in t s  inwards (unloading) o r  i s  tangent t o  the  y i e l d  
surface,  only e l a s t i c  s t r a i n  develops, i.e. dgp = 6. 
c )  The case f (g ,x )  > 0 i s  impossible. 
This imposs ibi l i ty  i s  j u s t i f  ied by invoking the  following argument: 
i f  a  s t a t e  of s t r e s s  q, i s  allowed t o  e x i s t  outside the  y i e l d  surface,  
then f o r  any increment of s t r e s s  from t h i s  s t a t e  q,, i r r e v e r s i b l e  d e f o r  
mation would occur. No unloading with revers ib le  response would be 
poss ib le ,  which i s  contradictory t o  t h e  previous uniaxial  concept 
defined from uniaxial  t e s t s  shown i n  Fig. 3,la.  Therefore the  y i e l d  
surface must change i t s  posi t ion ,  or  deform i n  order t o  follow the  
s t r e s s  s t a t e  when p l a s t i c  flow occurs, so t h a t  the s t r e s s  s t a t e  q, l i e s  
on o r  wi th in  t h e  y i e l d  surface. This condit ion i s  known a s  t h e  
"consistency condition." 
A more precise  d e f i n i t i o n  of loading and unloading enter ing t h e  
y i e l d  c r i t e r i o n  may be given with the  he lp  of the  un i t  vector  normal and 
point ing outwards from the  y i e l d  surface a t  Q ( see  Fig. 3.2).  Denoted 
g ,  t h i s  u n i t  vector  has  i t s  components n  such tha t :  
i j 
+ 
a f  (i, j=lJ2 ,3)  n  ' -  (sum on k,fslJ2,3)  (3  09) a 0  i j - ]  
F i g .  3 . 1 ~ .  I d e a l i z e d  mater ia l  response a f t e r  subtract ing  t h e  e l a s t i c  
s t r a i n .  
F i g .  3 . l d .  Typical  s t r e s s - s t r a i n  curve i n  u n i a x i a l  t e s t  on a s tra in-  
s o f t e n i n g  s o i l .  
- - 
9 -  
plastic potential 
F i g .  3 . 2 .  Y i e l d  surface  and p l a s t i c  p o t e n t i a l  sur face  i n  s t r e s s  space.  
where - a f  i s  t h e  p a r t i a l  der ivat ive  of f(p,r) with respect t o  the  
s t r e s s  component a.. . After  character iz ing t h e  sca la r  product between a 
1J 
and dg i n  t h e  following way: 
the  loading and unloading, which ind ica te  i f  the  s t r e s s  increment points  
outwards or  inwards t o  t h e  y i e l d  surf  ace, may be redefined i n  the  
following way: 
1 oading ~ ' d g  > 0 
neu t ra l  loading a'dg = 0 
an1 oading a d %  < 0 
The simplest e l a s t i c - p l a s t i c  model, applied t o  metal, i s  c e r t a i n l y  
the  von Mises' model. The y i e l d  suxface i s  a cylinder i n  the  pr incipal  
s t r e s s  space, the  a x i s  of which i s  p a r a l l e l  t o  the  hydros ta t i c  axis ,  a s  
represented i n  Fig. 3.3. The equation of such a surface i s  obtained by 
s t a t i n g  t h a t  the  d is tance  t o  any point  on t h i s  surface t o  i t s  a x i s  i s  
equal t o  the  radius  denoted R, i.e. 
Fig. 3.3. von Mises' yield surface in principal stress space. 
- - predicted 
tension 
Fig. 3.4. Typical experimental response curves of a real material and 
predicted response curves by von Mises' model during two 
uniaxial tests (compression and tension). 
(. .-pbij-aij) (aij-pbij-aij) = R~ (sum on i, j=1,2,3) (3.12) 
1J 
where 8 i s  the  Kronecker symbol defined sach as  
i j 
and p i s  t h e  mean pressure defined sach chat: 
and a. 's a r e  components of a  point  of the  y i e l d  surface a x i s  (see Fig. 
l j  
3 -3) sach t h a t  
Introducing the  dev ia to r i c  s t r e s s  tensor  g with Cartesian components s i d  
such t h a t  
- S . .  - 
1J 
4 - pbij (i, j=1,2,3) 
equation (3.12) becomes 
- a j  1J a = R' (sum on i , j=1,2,3)  i j  (3  .17) 
For convenience, equation (3.17) becomes 
where k i s  defined such as  
(sum on i, j=1,2,3) (3.18) 
The values of a. ? s  and k may be ca lcula ted  from the  uniaxial  loading, 4 
which was speci f ied  i n  (2.5). For t h i s  p a r t i c u l a r  loading t h e  
dev ia to r i c  s t r e s s  components a r e  sach t h a t  
For convenience, assume t h a t  the  a  Is s a t i s f y  the  following r e l a t i o n s :  i d  
- 
a22 - a33 (3.21a) 
ai j - 0 ,  i#j , ( i , j=1,2 ,3)  (3.21b) 
Using r e l a t i o n s  (3.1 5) , (3.20) , (3.21) , r e l a t i o n  (3.18) becomes: 
I f  two d i f f e r e n t  uniaxia l  t e s t s ,  one i n  compression and another i n  
tension,  a r e  avai lable ,  two y i e l d  s t r e s s e s  may be chosen sach a s  shown 
i n  Fig. 3.4. The y i e l d  s t r e s s e s  i n  t h e  compressive and t e n s i l e  t e s t s  
a r e  respect ively  denoted qc and qt. Since qc and qt  s a t i s f y  r e l a t i o n  
(3.22) fo r  d i f f e r e n t  signs. all and k a r e  such t h a t  
A l l  other  components a  a r e  generated from (3.21) and (3 . I S ) .  The un i t  i j 
vector  g t o  the  y i e l d  surface may a l s o  be calculated.  From r e l a t i o n  
(3.18) i s  obtained: 
a f  
7 = 
auij 3  ( s  i j-ai j  (i, j=1,2,3) 
From (3.9), (3.18) and (3.241, it  i s  concluded t h a t  
The y i e l d  c r i t e r i o n ,  and s p e c i f i c a l l y  r e l a t i o n s  3 . 1 1  , may be 
s impl i f ied  f o r  the uniaxial  t e s t ,  such t h a t  
nkf 'dukf (sum on k,I=1,2,3) (3.26) 
I f  q  i s  g rea te r  than qt and l e s s  than qc, only e l a s t i c  s t r a i n  i s  possi- 
b l e  f o r  any s t r e s s  increment. I f  q  i s  equal t o  qt or  q,, then p l a s t i c  
s t r a i n  e x i s t s  dependent on t h e  sign of the  terms i n  r e l a t i o n  (3.26). I f  
these terms a r e  pos i t ive ,  there  i s  p l a s t i c  s t r a i n ;  i f  they a r e  negative, 
only e l a s t i c  s t r a i n  occurs. 
Example 2:  
Lade's f i r s t  s o i l  model [3 .5]  follows c losely  the  concepts of metal 
p l a s t i c i t y ,  but a l s o  e x h i b i t s  some c h a r a c t e r i s t i c  f ea tu res  of s o i l  
behavior. This model i s  presented i n  p a r a l l e l  with von Mises' model. 
The y i e l d  surface has f o r  equation: 
where X is  the  only parameter which controls  t h e  y i e l d  surface shape 
( i * e *  * X is  equal t o  r and I, I3 a r e  s t r e s s  invar ian t s  defined i n  the  1 
following way. 
I3 = d e t  = f ~ ~ ~ c r ~ ~ 0 ~ ~  + 2 a 1 2 6 2 3 4 1 -  [@11c$3+a22~~1+a33@~2] (3 .28b)  
Such a surface (Eq. 3.27)  i s  a cone, centered on the  hydros ta t i c  ax i s ,  
with i t s  t i p  a t  the  o r i g i n  of s t r e s s  a s  shown i n  Figs. 3 . 5 .  The e l a s t i c  
domain, bounded by t h i s  surf ace, depends on the  mean pressure p, i. e. , 
on I. Since the  u n i t  vector  E i s  lengthy t o  work out ,  only the  p a r t i a l  
de r iva t ives  a r e  given i n  t h e  following r e l a t i o n s :  
FACE 
Fig .  3 . 5 .  Fa i lure  surface and two success ive  p o s i t i o n s  o f  y i e l d  surface 
o f  Lade's modeb. 
a)  i n  dev ia tor i c  plane 
b) i n  pr inc ipal  s t r e s s  space 
c )  i n  plane o 2="3 
a13 where a l l  components - 
aa.. 
a r e  generated, by permutation of indices,  
1J 
using t h e  following r e l a t i o n s  
3.2.2 Direct ion of P l a s t i c  Flow: Flow Rule 
Obviously defined uniquely i n  t h e  case of any midimensional 
s t a t e ,  the  p l a s t i c  flow d i r e c t i o n  must be characterized i n  a  multidimen- 
sional  s t r e s s  space by a  "flow rule." From experimental observations, 
contrary t o  what e l a s t i c i t y  theory p r e d i c t s  (see Sect ion 3.5.4) , the  
p l a s t i c  flow d i r e c t i o n  i s  r e l a t e d  t o  t h e  t o t a l  s t r e s s  s t a t e  and i s  
independent of the s t r e s s  increment. Analogously t o  i r r o t a t i o n a l  f l u i d  
flow, which i s  normal t o  t h e  po ten t i a l  l i n e s  i n  f l u i d  mechanics, for  a l l  
the  s t r e s s  s t a t e s  and s t r e s s  increments crea t ing p l a s t i c  s t r a i n  ( a s  
spec i f i ed  by the y i e l d  c r i t e r i o n ) ,  the  p l a s t i c  flow d i r e c t i o n  i s  
c o l l i n e a r  t o  the  gradient  of a  function,  ca l l ed  t h e  "p las t i c  po ten t i a l , "  
and denoted ~(sz,s)  o r  e x p l i c i t l y  g (51,a22,a33 , Q ~ ~ ~ G ~ ~  8 3 1 8 ~ 1 u  . .,s  m) 
with components skl s ,  k  varying from 1 t o  m, represents  t h e  va r iab les  
t h a t  describe the  changes i n  the  funct ion g  r e s u l t i n g  from p l a s t i c  flow. 
The gradient  d i r e c t i o n  i s  characterized by the un i t  vector  normal 
t o  the  p l a s t i c  po ten t i a l  surface passing through the  s t r e s s  s t a t e ,  and 
pointing outwards from t h i s  surface. Denoted by 8, the  components mij  
of t h i s  vector  a r e  given by an expression s imi lar  t o  (3.91, where g i s  
subs t i tu ted  f o r  f .  
The incremental p l a s t i c  s t r a i n  d$ i s  co l l inea r  t o  g (Fig.  3.2),  
which i s  expressed i n  t h e  following way: 
da?. = IldePIlmij , 
ZJ 
where I ldaPI 1 ,  amplitude of dfGP, i s  a pos i t ive  sca lar .  
For convenience, i t  i s  o f t e n  assumed t h a t  the  po ten t i a l  surface and 
y i e l d  surface a r e  coincident. I n  t h i s  case the  flow r u l e  i s  sa id  t o  be 
associa t ive;  i f  they a r e  not coincident ,  it i s  termed nonassociative. 
Exam~le 1: von Mises' Model 
From observations on metal,  an assoc ia t ive  r u l e  i s  selected.  The 
a n i t  vector  g, which represents  t h e  p l a s t i c  flow di rec t ion,  i s  
coincident  with the u n i t  vector  2,  which represents  t h e  normal t o  the  
y i e l d  surface. 
The p l a s t i c  volumetric s t r a i n  d< i s  given by the  re la t ion :  
Since the  vector  % i s  given by (3.25) and since the  devia tor ic  
s t r e s s e s  a l s o  v e r i f y  t h e  re1 a t i o n  (3.15) , it  can be shown t h a t  the  plas- 
t i c  volumetric i s  zero  so t h a t  von Mises' model p red ic t s  no p l a s t i c  
volumetric change. 
Exam~le 2: Lade's Model 
Lade's model i s  nonassociative; the  p l a s t i c  po ten t i a l  surf ace i s  
defined a s  follows: 
where the  sca la r  t is  defined s o  t h a t  the  po ten t i a l  surface goes through 
the  s t r e s s  s t a t e  and where K2 i s  r e l a t e d  t o  the  y i e l d  sar face  ( r e l a t i o n  
3.7) by the  following expression. 
i n  which A i s  a  mater ia l  constant.  
I n  Fig. 3.6 the  f a i l u r e ,  y i e l d  and p l a s t i c  p o t e n t i a l  surfaces have 
been compared i n  the  p q  space (Section 2.3) fo r  a  specia l  s t r e s s  s t a t e  
and a p a r t i c u l a r  sand (Monterey No. 0 sand). 
I 
F i g .  3 . 6 .  F a i l u r e ,  y i e l d  and p l a s t i c  p o t e n t i a l  sur face  f o r  Lade's model 
(dense Monterey No, 0 sand) .  
3.2.3 Amplitude of P l a s t i c  Flow, Hardening Rules 
The amplitude of the  p l a s t i c  increment i s  t h e  l a s t  point  which 
needs t o  be speci f ied;  it  i s  ca lcu la t ed  from the  motion of the  y i e l d  
sur face  by invoking t h e  consistency condition. I n  order  t o  follow the  
s t r e s s  s t a t e  during p l a s t i c  flow, the  y i e l d  sur face  must be ab le  t o  
a l t e r  i t s  shape, pos i t ion ,  e tc .  A l l  these changes a r e  accomplished by 
modifying t h e  parameters rl,. .. ,r, of Equation (3.8).  Al l  the  parame- 
t e r s  rk (e.g., rad ius  and cen te r  p o s i t i o n  f o r  von Mises' model) them- 
se lves  depend upon some d i f f e r e n t ,  more fundamental, quan t i t i e s ;  t h a t  
i s ,  t he  " in terna l"  or  hidden va r i ab les .  I f  t he  evolu t ion  law ( i . e . ,  t h e  
r e l a t i o n  between t h e  parameters rk and t h e  i n t e r n a l  v a r i a b l e s )  i s  
spec i f i ed ,  then  a l l  changes i n  y i e l d  sur face  a r e  described. The concept 
of i n t e r n a l  va r i ab les ,  formulated r e c e n t l y  f o r  p l a s t i c i t y  by Lubliner  
f3.61 i s  based on t h e  idea of s t a t e  v a r i a b l e s  i n  i r r e v e r s i b l e  
thermodynamics. Since t h e  ma te r i a l  e x h i b i t s  an  i r r e v e r s i b l e  behavior, 
t he  s t a t e  of a  body i s  described a t  each mater ia l  poin t  not  only by the  
va lues  of "observed" or  "external" va r i ab les  (such a s  deformation o r  
s t r e s s ) ,  but a l s o  by v a l w s  of "hidden" or  " in terna l"  var iables .  These 
v a r i a b l e s  a r e  usua l ly  taken t o  be s c a l a r s  o r  components of a  properly 
inva r i an t  second order  tensor;  t he  p l a s t i c  s t r a i n  t ensor  gp i s  usual ly  
se l ec ted  a s  t h e  i n t e r n a l  va r i ab le ,  The external  v a r i a b l e s  a r e  the  
s t r e s s e s ,  s ince the  p l a s t i c i t y  theory i s  formulated i n  a s t r e s s  space, 
For s t r a i n - p l a s t i c i t y  (Naghdi and Trapp [3.71, Yoder [3 .I31 ) t h e  s t r a i n s  
a r e  se lec ted .  From t h e  consistency condit ion,  applied f o r  the  
i n f i n i t e s i m a l  s t r e s s  increments c r e a t i n g  p l a s t i c  s t r a i n s ,  the  following 
r e l a t i o n  must hold: 
a f 
- a f + -  dei! = 0 (sum on k,f=1,2,3) (3.35) 
dakf a ~ g !  
Subs t i tu t ing  r e l a t i o n  (3.31b) i n t o  (3.35) and using (3.91, t h e  
amplitude of the  p l a s t i c  s t r a i n  i s  such t h a t :  
(sum on i , j ,k , f ,p ,q=1,2 ,3)  
By d e f i n i t i o n ,  t h e  p l a s t i c  modulus, denoted H, is: 
af  . 
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PQ (sum on k, f,p,q=1,2 3) (3.37) 
PQ 
With (3.31b), (3.36) and (3.37) t h e  p l a s t i c  s t r a i n  increment 
becomes 
( i ,  j = l D 2 , 3 )  
de?. = g mij (nrsdars) (sum on r , s=1,2 ,3)  (3.3 8) 
*J 
The Macaulay's bracket ,  denoted < >, i s  defined 
where He i s  the  Heaviside function. The r e l a t i o n  (3.38) may be 
rewr i t t en  with a bui l t - in  y i e l d  c r i t e r i o n ,  
Daring s t r a i n  softening,  H and t h e  sca la r  product godE are  both 
negative. Strain-sof tening a1 t e r s  r e l a t i o n  (3.40) i n  the  following way: 
1 (i, j=1,2,3) ds?. = m <- n durs> i j  H rs (sum on r,s=1,2,3) (3.41) 1J  
~ x a m ~ l e  1: von Mises' Model 
Two d i f f e r e n t  hardening r u l e s  a r e  presented successively: 
i s o t r o p i c  and kinematic. 
a )  I so t roo ic  hardening (Fig.  3.7a) 
The y i e l d  surface expands r a d i a l l y  about i t s  f ixed axis .  
By applying t h e  consistency condit ion t o  t h e  y i e l d  surface 
defined i n  (3.18). the re  r e s u l t s  
3 s - a i j d s i j  = 2kdk (sum on i j=1,2 ,3)  (3.42) 
A s  a  r e s u l t  of a  s t r e s s  change, the  radius  k i s  a l t e r e d  such 
t h a t  
Fig .  3 . 7 .  Four success ive  p o s i t i o n s  o f  von Mises' y i e l d  surface i n  a 
dev ia tor i c  plane wi th  d i f f e r e n t  hardening r u l e s ,  and the same 
loading path: 
a )  i so t rop ic  hardening 
b 1 kinematic hardening 
(sum on i j=1 ,2 ,3)  (3.43) 
b) Kinematic hardening (Fig.  3.7b) 
The y i e l d  sur face  i s  t r a n s l a t e d  without changing i t s  radius .  
The consistency condi t ion  imp1 i e s  t h a t  
The unique r e l a t i o n  (3.44) i s  not  s u f f i c i e n t  t o  def ine  a l l  s i x  
d i j  s. The d i r e c t  i o n  of t h e  incremental cen te r  displacement da i j 
i s  supposed t o  be c o l l i n e a r  t o  t h e  p l a s t i c  s t r a i n  increment, i ,e. .  
t he re  e x i s t s  a  s c a l a r  A such t h a t  
Using r e l a t i o n  (3.44). A i s  found such t h a t  
(sii-aii Idsi i  
X = (sum on i , j , k , l=1 ,2 ,3 )  (3.46) 
Related t o  t h e  hardening r u l e  ( i s o t r o p i c  o r  kinematic) ,  the  p l a s t i c  
P modulus H depends on t h e  evolu t ion  of k o r  a  'a w . r . t .  t o  aid. 
i j 
The amplitude of t h e  p l a s t i c  s t r a i n  increment from (3.6b), (3.25) 
and (3 -38) s a t i s f i e s  t h e  fof lowing r e l a t i o n :  
(3.47) 
(sum on i , j=1,2,3)  
therefore ,  fo r  i s o t r o p i c  hardening, the  p l a s t i c  modulus i s  such 
t h a t  
2 3/2 dk 
= [ 2  I ldrPII  
Whereas f o r  kinematic hardening, since 
(3.49) 
(sum on k,I,r,s=1,2,3) 
therefore  t h e  p l a s t i c  modulus i s  expressed 
A common a l t e r n a t e  way, p a r t i c u l a r l y  f o r  the  von Mises' 
mater ia l ,  i s  t o  f i x  t h e  p l a s t i c  modulus H t o  be constant: t h e  
hardening i s  sa id  t o  be l i n e a r .  The motion i s  consequently 
speci f ied  f o r  each hardening r u l e  by r e l a t i o n  (3.48) o r  (3 .SO). 
Examole 2: Lade's Model 
Only one i n t e r n a l  var iable  i s  se lec ted  t o  character ize  t h e  mater ia l  
memory: t h e  p l a s t i c  work, denoted W and defined by in tegra t ion  of an 
P' 
increment of p l a s t i c  work dW dW i s  such t h a t  
P* P  
Lade found t h a t  the  motion of the  y i e l d  surface i s  r e l a t e d  t o  the  evolu- 
t i o n  of the  in te rna l  va r iab le  W in t h e  following way: P  
where 
and 
where r f ,  XI, f t ,  M, f a r e  mater ia l  constants ,  pa the  atmospheric pres- 
sure (se lec ted  a s  a  reference value)  and g the  minor e f fec t ive  
p r inc ipa l  s t r ess .  
A s  p l a s t i c  work i s  diss ipated ,  the  y i e l d  surface expands about the  
hydros ta t i c  axis .  From (3.52a) t h e  incremental change i n  y i e l d  surface 
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X and i n  in te rna l  va r iab le  W a r e  r e l a t e d  a s  follows 
P 
The p l a s t i c  modulus i s  derived from r e l a t i o n  (3.37). Since the  follow- 
ing r e l a t i o n s  hold [ f r m  (3.51) and (3.52a)l 
t h e  p l a s t i c  modulus H is: 
3.3  FORMULATION a ELASTIC-PLASTIC RELATIONS FOR AXISPMMETRIC LOADING 
The formulation of e l a s t i c - p l a s t i c  cons t i tu t ive  equations has been 
performed i n  t h e  most general combined s t a t e  of s t r e s s ,  i.e., i n  t h e  
six-dimensional space of the  Cauchy s t r e s s  tensor.  For some specif i c  
loadings, where only a few components of the  s t r e s s  tensor  vary, the  
general t ensor ia l  formulation becomes redundant and must be simp1 i f  ied. 
For instance,  i n  s o i l  mechanics, s o i l  behaviors a r e  mainly 
ext rac ted  from conventional t r i a x i a l  t e s t s .  During these  p a r t i c u l a r  
t e s t s ,  only the  axisymmetric s t r e s s  s t a t e s  defined by r e l a t i o n  (2.5) a r e  
possible.  Since the  two-dimensional p-q space represents  any 
axisymmetric s t r e s s  s t a t e s ,  it may be se lec ted  a s  t h e  new s impl i f ied  
s t r e s s  space t o  reformulate the  e l a s t i c - p l a s t i c  t h e o r i e s  during 
axisymmetric loading. Both the  y i e l d  and po ten t i a l  surfaces,  o r i g i n a l l y  
hypersurfaces defined i n  a  six-dimensional space, a r e  projec ted  i n  t h e  
p-q space. The y i e l d  surface p ro jec t ion  s a t i s f i e s  t h e  following equa- 
t i o n s  
The u n i t  vector  normal t o  t h i s  new y i e l d  sar face  has f o r  component n  
penq 
i n  the  p q  space such t h a t  
The terms - 
3~ 
af*,  p a r t i a l  de r iva t ives  of the  y i e l d  func t ion  a f *  and -
as 
f*(p,q,g) w. r . t .  p and q, a r e  ca lcu la ted  by the  chain r u l e  from (3.56) 
and (2.6) so  t h a t  
Similar  d e f i n i t i o n s  apply t o  a  new po ten t i a l  function g*(p,q,s) and i t s  
normal un i t  vector  wi th  components m m i n  the  p-q space. P' 4  
Corresponding t o  t h e  new s impl i f ied  s t r e s s  space, a  new s t r a i n  
space i s  se lec ted  with the  following r e s t r i c t i o n :  i t  must not only con- 
t a i n  any s t r a i n  predicted by the  model, but a l s o  preserve the  normality 
r a l e  between s t r e s s  and s t r a i n .  For instance,  the  ev-e space, defined 
Q 
i n  r e l a t i o n s  (2.41, is appropriate only for  models which predic t  
axisymmetric s t r a i n s  obeying r e l a t i o n s  (2.3) . All o ther  models predict-  
ing s t r a i n s  outside of the  eV-a space cannot be formulated i n  t h e  p-q 
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space. The normality r a l e  between t h e  new s t r e s s  and s t r a i n  i s  
preserved by r e l a t i o n  (2.7). The un i t  vector  (m ,m ) normal t o  the  
P  Q 
projected p l a s t i c  p o t e n t i a l  i n  the  p-q space i s  s t i l l  co l l inea r  with the 
p l a s t i c  s t r a i n  increment (dsP,daP) i n  t h e  ev-8 space. I n  summary, 
v  q 9  
only f o r  e l a s t i c - p l a s t i c  models t h a t  predic t  axisymmetric s t r a i n s  daring 
axisymmetric s t r e s s  loadings,  may the  r e l a t i o n s  (3.41) be rewr i t t en  i n  
the  form: 
dap = m < P 1 (n dp + nqdq) > 
P P  (3.59a) 
dsP = 1 m < ( n  dp + n  dq) > 9  P  Q (3.5%) Q 
where H* i s  t h e  p l a s t i c  modulus f o r  axisymmetric loading. H* i s  
d i f f e r e n t  but r e l a t e d  t o  H defined by r e l a t i o n  (3.37). Following t h e  
same approach, which l eads  t o  t h e  d e f i n i t i o n  of the  p l a s t i c  modulus H i n  
(3.371, H* i s  defined by the  following re la t ion :  
When no ambiguity e x i s t s ,  the  superscr ip t  "*" i s  omitted t o  avoid an 
excess of notation. 
3.4 ISOTROPIC ELASTIC PLASTIC CONSTITUTIVE EQUATIONS 
I n  t h e i r  most general expression, the  y i e l d  and po ten t i a l  functions 
depend on the  s i x  independent coordinates of the  symmetric Cauchy s t r e s s  
tensor. These s i x  components a r e  represented by th ree  pr incipal  values 
denoted a a2 and a3 i n  a pr incipal  s t r e s s  frame. The th ree  addi t ional  
degrees of freedom define the  r o t a t i o n  between the  p r inc ipa l  and t h e  
f ixed f  tames. 
Since a funct ion with s i x  v a r i a b l e s  i s  d i f f i c u l t  t o  define,  most 
cons t i tu t ive  laws include hypotheses t o  simplify the dependence of vari-  
ables. A s  a  common assumption, the  r o t a t i o n  of pr incipal  s t r e s s e s  i s  
neglected: t h e  th ree  va r iab les ,  which describe the  r o t a t i o n  of the  
pr incipal  s t r e s s  frame w . r . t .  t o  t h e  f ixed frame, may be disregarded. 
The model may then be formulated completely i n  t h e  th ree  dimensional 
p r inc ipa l  s t r e s s  space. Recently, experimental inves t iga t ions  on s o i l s  
have been ca r r i ed  out t o  check t h i s  assumption, Using new laboratory 
equipment such a s  t h e  hollow cyl inder  t o r s i o n  apparatus (Symes e t  a l .  
13,109 ) o r  the  t rue  t r i a x i a l  apparatus with app l i ca t ion  of shear s t r e s s  
along the  boundaries (Arthur e t  a l .  13.11 ), the e f fec t  of pr incipal  
s t r e s s  r o t a t i o n  has not been found t o  be negl ig ib le ,  Eventually, when 
s u f f i c i e n t  and r e l i a b l e  data  a r e  avai lable ,  t h i s  phenomenon w i l l  be 
taken i n t o  account i n  s o i l  models. 
3.4.1 I s o t r o ~ i c  Elas t ic-Plas t ic  Models 
A more d r a s t i c  hypothesis t o  simplify the dependence of y i e l d  and 
p o t e n t i a l  functions upon s t r e s s  components, i s  t o  assume t h a t  the  
mater ia l  response i s  i so t rop ic :  not only the  pr incipal  s t r e s s  r o t a t i o n s  
a r e  neglected but a l s o  t h e  y i e l d  and p o t e n t i a l  functions a r e  taken t o  
depend only on t h e  s t r e s s  invar ian t s ,  i.e., a r e  symmetric funct ions  of 
the  pr incipal  s t r e s s e s .  (By def in i t ion ,  a  symmetric funct ion has  i t s  
value unchanged by any permutation of i t s  var iables . )  The s t r e s s  
invar iants ,  which a r e  commonly used i n  s o i l  mechanics, a r e  denoted I, J, 
and S and a r e  defined h e r e  i n  t h e  following way: 
where the s c s  a r e  components of the  dev ia to r i c  s t r e s s  tensor  defined 
i j 
i n  r e l a t i o n  (3.16). 
Sametimes ins tead of using t h e  t h i r d  invar ian t  S, a  new quant i ty ,  
ca l l ed  Lode's angle and denoted 8, i s  preferred.  This angle i s  defined 
The invar ian t s  I and J have a  representa t ion i n  a  pr incipal  s t r e s s  frame 
(Fig. 3.8). I f  0, M, andm represent  successively the  s t r e s s  o r ig in ,  
the s t r e s s  s t a t e  and i t s  p ro jec t ion  on t h e  hydros ta t ic  ax i s ,  the  follow- 
ing r e l a t i o n s  hold: 
. . 
Lode's angle, defined between - # and a, i s  represented i n  Fig. 
3.8b. Since a l l  s t r e s s  invar ian t s  a r e  symmetric funct ions  of the  
pr incipal  s t r e s s  values  a a2 and a3, there  a r e  s i x  d i f f e r e n t  s t r e s s  
s t a t e s ,  obtained by permutation of al, a2 and c3 with the  same s t r e s s  
invar ian t  values. 
Example 
Lade's model i s  an  i s o t r o p i c  model; both y i e l d  and p o t e n t i a l  
surfaces  a r e  expressed i n  terms of s t r e s s  invar iants .  However, von 
Mises' model may be nonisotropic:  when t h e  y i e l d  surface i s  not centered 
on t h e  hydros ta t i c  ax i s ,  i t s  equation (3.18) i s  not symmetric w . r . t .  t o  
the  pr incipal  s t r e s s  values. 
Fig. 3.8. Representation of stress invariants: 
(a) 1 , J  in principal stress space 
(b) ~Yde's angle 8 in a deviatoric plane 
Because of the  simple dependence of y i e l d  and p o t e n t i a l  funct ions  
on only va r i ab les  I, J, S  ( o r  81, the  i s o t r o p i c  e l a s t i c - p l a s t i c  
c o n s t i t n t i v e  r e l a t i o n  p resen t s  an  a t t r a c t i v e  formulation. The p a r t i a l  
d e r i v a t i v e s  of y i e l d  and p o t e n t i a l  funct ions  w.r . t .  s t r e s s  a may be 
i j 
expressed a s  a  fnnc t ion  of t h e i r  d e r i v a t i v e s  w . r . t .  I, J and S  ( o r  8 )  by 
using t h e  chain r u l e ,  egg.,  t h e  p a r t i a l  d e r i v a t i v e s  of the  y i e l d  func- 
t i o n  become 
a f  ae ( i f  8 i s  used ins t ead  of S, t he  l a s t  term becomes - -1 ae aa 
ij 
a J where t h e  fol lowing d e r i v a t i v e s  , - , - ae a r e  as and - 
aa.. aa.. aa.. aa  
fJ 1J 1J i j 
ca lcn la t ed  from r e l a t i o n s  (3.61) t o  y i e l d  t h e  following va lues  
ae 
- = - -  
- - 6 . .  
aa.. XJ 2 9  t a n  (3e i s i j  +2Jc::(38) [y 3 1~ 1 
3.4.2 I so t rop ic  Models i n  the v-a Svace 
The i s o t r o p i c  e l a s t i c - p l a s t i c  cons t i tu t ive  r e l a t i o n s  can always 
be w r i t t e n  i n  t h e  p-q space f o r  axisymmetric s t r e s s  loading. For t h i s  
specia l  loading, the  s t r e s s  i n v a r i a n t s  of (3.61) can be ca lcula ted  
Since the  dev ia to r i c  s t r e s s  components obey r e l a t i o n  (3.20), the  re la-  
t i o n s  (3.64) can be s impl i f ied  i n  t h e  following way: 
ae = -2 ae = -2 ae L . a - s i n  343 (3.66e) 
a=ll a =22 a=33 Q cos 38 
where the  sign "+" i s  re ta ined  i n  (3.66e) fo r  q pos i t ive ;  fo r  q 
negative, the  sign 'I-" is  chosen. The r e l a t i o n  (3.66e) i s  defined by 
* It i s  cont inui ty  and takes  a zero  valuet  when 8 i s  equal t o  
undefined when q i s  zero, which corresponds t o  a s t r e s s  s t a t e  on the  
a f  hydros ta t i c  axis .  The p a r t i a l  de r iva t ives  - may be ca lcula ted  from a~ 
i j 
(3.66) and (3.63): 
A s imi la r  s e t  of r e l a t i o n s  may be obtained f o r  the  po ten t i a l  funct ion g 
and i t s  p a r t i a l  der ivat ives .  
From the  r e l a t i o n s  (3.67) and (3 .!I), the  u n i t  vec to r s  respect ively  
normal t o  t h e  y i e l d  surface and t h e  po ten t i a l  surface conform t o  the  
axisymmetric condit ions a s  defined i n  (2.5) . Theref ore, from (3.41) t h e  
p l a s t i c  s t r a i n  increment and consequently the  t o t a l  p l a s t i c  s t r a i n  
(obtained by in tegra t ing  t h e  increments) corresponds t o  t h e  
axisymmetric s t a t e  defined i n  r e l a t i o n s  (2.3). The i s o t r o p i c  
e l a s t i c - p l a s t i c  model can be formulated i n  p-q space during 
axisymmetric loading. Similarly t o  r e l a t i o n  (3.56), the y i e l d  
surface p ro jec t ion  i n  p-q space i s  defined 
The =it vector  n n defined i n  r e l a t i o n s  (3.57) becomes P* 9 
where 
The sign "+" or 11-" i s  se lec ted  a s  i n  r e l a t i o n  (3.66e). 
3.5 A CRITICAL REVIEW OF THE CONVENTIONAL PLASTICITY THEORY APPLICABLE 
TO SOILS 
So f a r  p l a s t i c i t y  theory has been presented, dogmatically, by 
enunciating t h e  concepts without mentioning any wealuless. Now, when a l l  
the  fundamental ideas have been disclosed,  the  v a l i d i t y  of t h e i r  appli- 
c a t i o n  t o  t h e  mater ia l ,  s o i l ,  may be studied. Adopting t h e  same 
sequence as  i n  the  presenta t ion of p l a s t i c i t y  theory, the  experimental 
evidence f o r  y i e l d  and p l a s t i c  p o t e n t i a l  surfaces (existence and shape) 
i s  examined. The problems r e l a t e d  t o  t h e  hardening r u l e s  a r e  a l s o  
invest igated.  Then theore t i ca l  cons t ra in t s  on these  surf aces, as  
enunciated by Drucker, a r e  presented. 
3.5.1 Existence of Yield Surface 
By def in i t ion ,  a y i e l d  surface i s  a hypersurface i n  s t r e s s  space 
which character izes ,  with the  y i e l d  c r i t e r i o n ,  the  presence or absence 
of i r r e v e r s i b l e  s t r a i n  (Section 3.2 -1) . Introduced by genera l iza t ion of 
the y i e l d  s t r e s s  observed i n  uniaxial  t e s t ,  the  existence of sach a 
surface i s  d i f f i c u l t  t o  demonstrate experimentally when t h e  s o i l  sample 
i s  subj ected t o  a combined s t r e s s  s t a t e .  I f  a smooth y i e l d  surface 
e x i s t s ,  a hyperplane tangent t o  t h i s  surface a t  the  s t r e s s  s t a t e  g 
should be found a s  shown i n  Pig. 3.9, This "plane" separa tes  t h e  s t r e s s  
increments leading t o  p l a s t i c  s t r a i n  increments during small loading- 
unloading cycles  about t h e  i n i t i a l  s t r e s s  s t a t e ,  from those giving only 
revers ib le  s t r a i n .  Al l  s t r e s s  increments staying i n  t h i s  t r a n s i t i o n  
plane correspond t o  neutra l  loading. 
According t o  t h e  Tatsuoka-Ishihara [3 .I21 t e s t s ,  described i n  
Appendix A, sach a plane i s  d i f f i c u l t  t o  exhibi t .  According t o  Figs. 
A.1, f o r  the  s t r e s s  increment XG, only revers ib le  s t r a i n  occurs, but f o r  
XF some p l a s t i c  s t r a i n  i s  present .  The y i e l d  surface would possess a 
l o c a l l y  corner-shaped aspect  sach a s  represented by Fig, 3.10, A 
F i g .  3 . 9 .  Continuous smooth y i e l d  surface  and i t s  tangent plane i n  
s t r e s s  space.  
F i g .  3 . 1 0 .  Singular  v e r t e x  shaped y i e l d  surface .  
stress increments initiating plastic strain 
, yield surface 
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F i g .  3;11. Hypothet ical  experimental technique t o  character ize  the  
y i e l d  surface  by v a r i a t i o n  o f  s t r e s s  increment d i r e c t i o n :  
on ly  s t r e s s  increments i n i t i a t i n g  p l a s t i c  s t r a i n  generate  
the  y i e l d  surface .  
s imi lar  r e s u l t  was experimentally observed by Scott  and KO [3.111. But 
a  hypersurface with a ver tex  i s  d i f f i c u l t  t o  represent  mathematically, 
and has not been used extensively fo r  s o i l s .  
3 -5.2 Yield Surface Shaoe 
Once a y i e l d  surface i s  assumed t o  e x i s t ,  i t s  shape must be 
characterized. This t a s k  i s  even more d i f f i c u l t  experimentally and must 
be ca r r i ed  out with caution. One hypothetical  experimental way t o  
explore a y i e l d  surface i s  shown i n  Fig. 3 -11. After  reaching some 
s t r e s s  s t a t e  g, the  y i e l d  surface i s  determined l o c a l l y  by applying some 
s p e c i f i c  loading-unloading s t r e s s  cycles from t h a t  s t r e s s  s t a t e .  From a 
s t r e s s  increment c rea t ing  only revers ib le  s t r a i n ,  the  s t r e s s  increment 
d i r e c t i o n  i s  changed successively.  When p l a s t i c  s t r a i n s  s t a r t  t o  appear 
daring such cycles (neutra l  loading) ,  the new s t r e s s  s t a t e  g+dn l i e s  on 
the  same y i e l d  surface,  unchanged s ince  only a negl ig ib le  or  eventually 
very small p l a s t i c  s t r a i n  was created. I f  the  same process i s  repeated 
about g+da a surf ace may be def ined global ly  by i t e r a t i o n .  I n  s p i t e  of 
i t s  a t t r ac t iveness ,  t h i s  technique has not been applied experimentally: 
it requ i res  a t e s t i n g  apparatus i n  which the  s t r e s s  d i r e c t i o n  can be 
a l t e r e d  i n  every poss ib le  way. Avoiding t h i s  d i f f i c u l t y  Tatsuoka and 
I sh iha ra  [3.121, i n  t h e  second experiment presented i n  Appendix A, have 
t r i e d  a d i f f e r e n t  technique. From a s t r e s s  point  o r i g i n a l l y  located on 
t h e  y i e l d  surface,  t h e  s t r e s s e s  followed a s t r e s s  path i n  t h e  e l a s t i c  
domain ( ins ide  the  y i e l d  surface) .  This s t r e s s  emerges from the  e l a s t i c  
domain, i.e., i n t e r s e c t s  t h e  y i e l d  surface,  when t h e  s t r a i n s  exh ib i t  
some "signif icantr' changes (Figs. A.9b and A.9c). This in te r sec t ion ,  
which i s  the  new y i e l d  s t r e s s ,  def ines  another point  of the  same y i e l d  
surface.  Since the  y i e l d  surface moves a f t e r  the  in te r sec t ion ,  only two 
po in t s  of the  same surf ace a r e  f  ound a t  d i f f e r e n t  s tages  of loading. 
These two points ,  when close together,  character ize  the  surface loca l ly ;  
t h i s  loca l  aspect,  assmned t o  depend only on s t r e s s  a s  i n  r e l a t i o n  
(A.11,  i s  in tegra ted  t o  give the  complete y i e l d  surface equation i n  
r e l a t i o n  (A.2). However, i n  order t o  perform t h i s  in tegra t ion,  the 
y i e l d  surface must have a l o c a l  aspect independent of in te rna l  vari- 
ables. This technique cannot be used t o  define the  influence of the  
in te rna l  va r i ab les  on t h e  y i e l d  surface.  
Generally i n  s o i l  p l a s t i c i t y ,  the  y i e l d  surface i s  smooth f o r  
convenience. The y i e l d  surface i s  commonly extrapolated e i t h e r  from the  
f a i l u r e  surface or from the  p l a s t i c  po ten t i a l  surface. The f a i l u r e  
surface i s  usual ly  f ixed i n  s t r e s s  space, and i s  not r e l a t e d  t o  the  past  
loading h i s to ry ;  the  y i e l d  surface i s  se lec ted  with the  same ana ly t i ca l  
expression a s  t h e  f a i l u r e  surface,  but with d i f f e r e n t  parameter values. 
This method, used by Lade 11,161 fo r  example, r e l i e s  on a loca l  
coincidence of both surfaces  a t  the  f a i l u r e  s t r ess .  When both surfaces 
coincide t o t a l l y  a t  f a i l u r e ,  t h i s  technique generates a l a rge  e l a s t i c  
domain absolute ly  unreal i s t i c  f o r  s o i l .  Furthermore, the  flow ru le ,  
which governs t h e  p l a s t i c  flow d i rec t ion ,  must become non-associative t o  
compensate f o r  t h i s  simp1 i f  ica t i o n  (e. g., Lade's model) . Alternat ively  
t o  ex t rapo la t ion  from the  f a i l u r e  surface,  the  y i e l d  surface i s  found 
from the  p l a s t i c  po ten t i a l  surface,  by invoking an  assoc ia t ive  flow 
ru le ,  This aspect i s  inves t igated  i n  the  following. A l l  t he  quest ions 
re levant  t o  the  existence and shape of a  y i e l d  surface may be repeated 
f o r  a  po ten t i a l  surface. 
3.5.3 Existence of a  P l a s t i c  Po ten t i a l  Surface 
By def in i t ion ,  a  p l a s t i c  po ten t i a l  surface i s  a  hypersurface i n  
s t r e s s  space, which gives the  p l a s t i c  flow di rec t ion.  Any s t r e s s  incre- 
ment about a  s t r e s s  s t a t e ,  t h a t  po in t s  outwards from the y i e l d  surface,  
c r e a t e s  a p l a s t i c  flow with a constant  d i rec t ion.  I n  o ther  words, the  
p l a s t i c  flow d i r e c t i o n  i s  independent of the  s t r e s s  increment d i rec t ion.  
Such an independence i s  not observed i n  e l a s t i c i t y .  The general 
r e l a t i o n s  of nonlinear i s o t r o p i c  e l a s t i c i t y  may be speci f ied ,  f o r  
axisymmetric loading, i n  t h e  p-q space, a s  follows: 
where B and G, respect ively  the  balk  and shear modulus, a r e  appropriate 
funct ions  of the  s t r e s s  s t a t e  p,q. The r a t i o  deq/dav depends l i n e a r l y  
on t h e  r a t i o  dqldp according t o  the  following r e l a t i o n :  
where V ,  Poisson's r a t i o ,  may eventually be a  s u i t a b l e  funct ion of 
s t r esses .  The s t r a i n  and s t r e s s  increment d i rec t ions ,  respect ively  
represented by the  angles 0 and 0,. with tangent dq/dp and dsq/daV, a r e  Q 
plo t t ed  i n  Figure 3.12 fo r  d i f f e r e n t  constant values of Poisson's r a t i o .  
0& v a r i e s  with respect  t o  Oq, which ind ica tes  t h a t ,  i n  e l a s t i c i t y ,  the 
s t r a i n  increment d i r e c t i o n  depends upon the  s t r e s s  increment d i r e c t  ion. 
Experimental r e s u l t s  on s o i l  do not corroborate t h i s  dependence, and 
e s t a b l i s h ,  t o  some extent ,  a  constant d i r e c t i o n  f o r  p l a s t i c  flow. 
According t o  the  f i r s t  experiment of Tatsuoka and Ishihara ,  e spec ia l ly  
from Fig. A.1, p l a s t i c  flow was found t o  have not only one but two 
d i f f e r e n t  d i rec t ions ,  e.g., the  vectors  OA, OB, OC, and OD have 
d i f f e r e n t  o r i e n t a t i o n s  than t h e  vectors  OF and OE i n  Fig. A.1. This 
r e s u l t  suggests t h a t  the po ten t i a l  surface, l i k e  the  y i e l d  surface, 
presents  a  ve r tex  located  a t  t h e  s t r e s s  s t a t e ,  with two d i f f e r e n t  
normals. Each normal depends on t h e  s t r e s s  increment d i rec t ion.  Such a  
r e s u l t  u n s e t t l e s  t h e  fundamental concept of p l a s t i c  po ten t i a l ,  by remw- 
ing t h e  smoothness of t h i s  surface,  and making i t  dependent 0x1 t h e  
s t r e s s  increment. 
3.5.4 Shape of P l a s t i c  P o t e n t i a l  Surface 
Once a  smooth p l a s t i c  p o t e n t i a l  i s  assumed, i t s  shape must be 
defined. Only i t s  loca l  aspect about t h e  s t r e s s  s t a t e  i s  relevant .  For 
instance,  i n  Fig. 3.6, the  por t ion  of the  p l a s t i c  p o t e n t i a l  sarface 
located  ins ide  the  y i e l d  surface i s  meaningless: p l a s t i c  s t r a i n  cannot 
e x i s t  there.  The p l a s t i c  p o t e n t i a l  surface i s  defined more e a s i l y  by 
Fig. 3 . 1 2 .  Stress increment direction 8 versus s train increment direc- 
G t ion 8 for l inear  isotropic e l a s t i c i t y  with different 
& 
values of Poisson's ra t io .  
experiment than t h e  y i e l d  surface.  I f  the p l a s t i c  flow d i r e c t i o n  
depends only on t h e  s t r e s s  s t a t e ,  the  following technique may be applied 
t o  character ize  i t s  shape i n  t h e  p-q space. F i r s t ,  from experimental 
r e s u l t s  obtained from axisymmetric loading t e s t s ,  the  p l a s t i c  s t r a i n  
increment i s  ca lcula ted  a t  d i f f e r e n t  s t r e s s  s t a t e s .  These ca lcu la t ions  
a r e  e i t h e r  performed by neglect ing t h e  e l a s t i c  s t r a i n  w. r . t .  p l a s t i c  
s t r a i n  or  by subtrac t ing the  incremental e l a s t i c  s t r a i n  dge (ca lcula ted  
with a se lec ted  e l a s t i c  model) from the  t o t a l  s t r a i n  increment dg. Then 
the  p l a s t i c  flow d i rec t ion ,  characterized by i t s  un i t  vector  m m i s  
P* 9, 
r e l a t e d  t o  the  s t r e s s  s t a t e  p,q: m and m become known funct ions  of 
P P 
P# 9- F ina l ly  the  p l a s t i c  p o t e n t i a l  surface i s  found by in tegra t ing t h e  
following equation 
3.5.5 Hardenina Rules 
The motions of any surfaces,  y ie ld  o r  p l a s t i c  po ten t i a l ,  a s  
described by the  hardening r u l e s ,  a r e  strongly r e l a t e d  t o  t h e  surface 
de f in i t ions .  Once an a n a l y t i c a l  form has been se lec ted  f o r  the surface, 
such a s  i n  equation (3.8a), only the  parameters r control  a l l  
changes. For instance,  fo r  Lade ' s model s,  only one parameter controls  
the  y i e l d  surface s i z e  and the re fo re  only an i s o t r o p i c  expansion about 
the  hydros ta t i c  a x i s  i s  possible.  
Different  hardening r u l e s  have been used f o r  s o i l s ;  a l l  a re  derived 
f o r  the i s o t r o p i c  and kinematic hardenings presented f o r  von Wises' 
model. The kinematic motion, c e r t a i n l y  appropriate t o  s o i l  behavior 
since i t  l i m i t s  the  e l a s t i c  domain, requires  more e f f o r t ;  a  surface 
motion must be characterized.  For von Mises' surface, t h i s  motion was 
assmned t o  be c o l l i n e a r  t o  the  p l a s t i c  flow di rec t ion.  Generally a 
combined isotropic-kinematic hardening allows a b e t t e r  desc r ip t ion  of 
the  mater ia l  response, since i t  gives more degrees of freedom. 
3.5.6 I m ~ l i c a t i o n s  of Drucker's Postula te  
While experiments may y i e l d  information on the  shape of the  y i e l d  
surface,  general p r inc ip les ,  such as  Drucker 's pos tu la te  13 -31 enforce 
cons t ra in t s  which i t s  shape must s a t i s f y .  This pos tula te ,  well known t o  
any p l a s t i c i a n ,  has been t h e  object  of a  good deal of controversy. It 
i s  enunciated i n  Appendix B and has  th ree  major consequences regarding 
the  y i e l d  surface.  
a )  "the p l a s t i c  s t r a i n  increment d po in t s  outwards from the  
y i e l d  surface" 
b )  "the p l a s t i c  s t r a i n  increments d&p must be normal t o  the  y i e l d  
surface a t  g" 
c)  t h e  y i e l d  surface must be convex 
A l l  t h ree  consequences a r e  e a s i l y  proved by considering t h a t  the  re la-  
t i o n  (B.5) m a s t  hold f o r  any a r b i t r a r y  i n i t i a l  s t r e s s  s t a t e  ins ide  
t h e  y i e l d  surface. The f i r s t  consequence does not allow s t ra in-  
softening and the  second one p r o h i b i t s  a  nonassociative flow rule .  Then 
Lade's model, for  example, v i o l a t e s  Drucker's pos tula te .  
The major impact of t h i s  pos tu la te  i s  t o  give r e s t r i c t i o n s  on 
e l a s t i c - p l a s t i c  models t o  p r w i d e  uniqueness i n  boundary value problems. 
But these condit ions a r e  s u f f i c i e n t ,  not necessary, t o  obta in  unique- 
ness. 
Drucker's pos tu la te  may be invoked i n  a d i f f e r e n t  way: some r e a l  
mater ia ls  exh ib i t  nonunique solut ions ,  when subjected t o  some prescribed 
force and/or displacement loading. This nonuniqueness may be expressed 
by b i fu rca t ion  from one mode t o  a d i f f e r e n t  mode of solut ion,  according 
t o  s l i g h t  per turbat ion on some parameters enter ing t h e  boundary value 
problem. This i s  t h e  case wi th  dense sand which very o f t e n  switches i n  
the  t r i a x i a l  t e s t  from a uniform mode of deformation t o  a loca l i zed  
deformation along a shear plane. I n  order t o  describe such an a b i l i t y  
t o  b i fu rca te ,  the  model, which represents  t h e  mater ia l  behavior, must 
not obey Drucker's pos tula te .  A nonassociative flow r u l e m a y b e  
s u f f i c i e n t  t o  s a t i s f y  t h i s  requirement. Rudnicki and Rice l3.91 made 
use of t h i s  comment t o  represent  l o c a l i z a t i o n  of displacement with 
p l a s t i c i t y  i n  pressure-sensi t ive mater ia ls .  
CHAPTER N 
BOUNDING SURFACE PLASTICITY 
Recently, i n  order t o  avoid t h e  necessi ty of defining y i e l d  and 
po ten t i a l  surfaces and t h e i r  respect ive  motion, new theore t i ca l  frame- 
works, such as  t h e  "rate-type" c o n s t i t a t i v e  equations, have been used t o  
describe the rheological  s o i l  behavior. The rate-type r e l a t i o n s ,  f i r s t  
q u a l i f i e d  by Truesdell 14.61 a s  hypo-elastic, describe the  mater ia l  
behavior i n  terms of a mathematical s e r i e s  expansion, without any 
hypersurfaces. The mater ia l  behavior i s  not represented with geometri- 
ca l  analogies, but by more and more mathematics, which renders these new 
c o n s t i t a t i v e  models l e s s  a t t r a c t i v e  t o  pract ic ing engineers. 
A s  an  a l t e r n a t e  t o  t h e  option of completely new theor ies ,  conven- 
t iona l  p l a s t i c i t y  has been adapted t o  give a b e t t e r  desc r ip t ion  of 
material  behavior. I n  1967, Iwan 14.31 and Mrbz 14.41 suggested replac- 
ing t h e  s ingle  y i e l d  surface by several  nested y i e l d  surfaces. This 
theory, ca l l ed  mul t ip le  y i e l d  surfaces  p l a s t i c i t y ,  was applied t o  s o i l  
by Prevost 14.51. 
I n  1976, adopting a s l i g h t l y  d i f f e r e n t  approach, Dafal ias and Popw 
14.11 introduced t h e  idea of "bounding surface.'' This new concept 
brings new f e a t u r e s  t o  conventional p l a s t i c i t y  without unduly compl icat-  
ing t h e  mathematical formulation, To some extent ,  t h i s  l a s t  adapta t ion 
can be perceived a s  a genera l i za t ion  of conventional p l a s t i c i t y  which 
brings a t  the  same -Lme more freedom t o  represent  mater ia l  behavior. I n  
the  following, t h i s  new theory i s  l inked with oat previous presenta t ion 
of p l a s t i c i t y ;  i t s  new concepts a r e  f i r s t  defined from a uniaxial  t e s t ,  
and then general ized t o  a six-dimensional s t r e s s  space. 
4.1 BOUNDING SURFACE IDEAS FROM UNIAXIAL TESTS 
A typical  material  response t o  a loading-unloading cycle i n  a 
uniaxial  t e s t  i s  schematized i n  Fig. 4.1. (Such a schematic behavior 
may represent  metals. s o i l s ,  or o ther  materials .  A 1  though eventually 
described by conventional p l a s t i c i t y ,  t h i s  i l l u s t r a t i v e  behavior w i l l  be 
considered, a f t e r  removal of the  e l a s t i c  s t r a i n ,  from a new and 
d i f f e r e n t  point  of view i n  Fig. 4.2. 
A t  t h e  beginning of loading, the  response i s  e l a s t i c .  After  
exceeding some s t r e s s  a*, the  s t r e s s s t r a i n  curve approaches asymptoti- 
c a l l y  and merges with the  bound represented by t h e  s t r a i g h t  l i n e  XX' . 
The slope of the  response curve a t  any point  i s  taken a s  a funct ion of 
the  distance AA', denoted 6,  between t h e  s t r e s s  s t a t e  and t h e  bound XX'. 
This funct ion decreases continnously and monotonically from i n f i n i t y  t o  
t h e  slope value of l i n e  XX' . The t r a n s i t i o n  between t h e  e l a s t i c  and 
e l a s t i c - p l a s t i c  range becomes continuous. The y i e l d  s t r e s s  a* may be 
m i t t e d  i f  the  func t ion  f o r  the  slope takes an  a r b i t r a r i l y  large value 
when t h e  distance 6 is  l e s s  than some quant i ty  6min. The point  A' on 
t h e  bounding l i n e  XX' (Fig. 4.2) i s  c a l l e d  t h e  "image point." During 
t h e  p l a s t i c  loading from A t o  BD it moves t o  a new posi t ion ,  B e .  The 
in f in i t e s imal  changes of s t r e s s  s t a t e  and image point ,  respect ively  
F i g .  4 .1 .  Real t y p i c a l  mater ia l  response during a loading-unloading 
c y c l e .  
F i g .  4 . 2 .  I d e a l i z e d  m a t e r i a l  response f o r  development o f  bounding 
surface  p l a s t i c i t y .  
denoted da and da, obey the  following r e l a t i o n  
where S i s  t h e  slope of s t r ess - s t ra in  curve a t  A, and SB the  slope of 
bounding 1 ine XX' a t  A'. 
During unloading (Fig. 4.2), the  image point  i s  se lec ted  now on t h e  
o ther  bounding l i n e  YY*.  A l l  t he  ideas,  defined during t h e  previous 
loading, apply t o  describe the  unloading response. Thus two new funda- 
mental ideas have been added t o  conventional p l a s t i c i t y :  the  bounds and 
the  response dependence apon t h e  d is tance  between t h e  current  s t r e s s  
s t a t e  and these bounds. I n  conventional p l a s t i c i t y ,  the  mater ia l  
behavior i s  only described by q u a n t i t i e s  r e l a t e d  t o  t h e  s t r e s s  s t a t e  and 
i t s  past  loading h i s t o r y  (such a s  t h e  y i e l d  surface) .  I n  bounding 
surf  ace p l a s t i c i t y ,  t h e  response a1 so depends apon some ex te r io r  bounds 
corresponding t o  t h e  maximum admissible s t r e s s  s t a t e s .  
4.2 GENERALIZATION TO SIX-DIMENSIONAL STRESS SPACE 
Applying t h e  same geometrical considerat ions a s  i n  conventional 
p l a s t i c i t y ,  t h e  y i e l d  s t r e s s  a* becomes a y i e l d  surface;  s imi lar ly ,  the  
bounds XX* and YY' transform i n t o  a hypersurface c a l l e d  t h e  "bounding 
surface" (Fig. 4.3). The y i e l d  and bounding surfaces  move simultane- 
ously i n  s t r e s s  space i n  a coupled way and poss ib ly  deform. They may 
come i n  contact.  but do not i n t e r s e c t ;  t h i s  corresponds t o  the  merging 
of a  s t r ess - s t ra in  curve wi th  the  bounds i n  t h e  uniaxia l  case. A l l  the  
F i g .  4 . 3 .  Bounding surface  and y i e l d  surface  i n  s t r e s s  space.  
F i g .  4 . 4 .  Bounding surface  and r a d i a l  mapping r u l e  i n  s t r e s s  space.  
in te rna l  var iables ,  which control  the  material  memory, a r e  assumed t o  be 
dependent on the  p l a s t i c  s t r a i n  $. 
The bounding surface has  f o r  equation 
where z, with Car tes ian  component (is j i j = 1,2 ,3) ,  represents  the  
image point.  Among o the r  p o s s i b i l i t i e s ,  Dafal ias and Herrmann 14.21 
chooses t h i s  point  a such t h a t  t h e  y i e l d  and bounding surface have 
Coll inear normals r e s p e c t i ~ e l y  a t  g, and g (Fig,  4.3). The distance 6 
between image. z, and s t r e s s  s t a t e ,  a, i s  given by the  Euclidean norm of 
- 
ag and i s  expressed i n  terms of coordinates such as: 
(sum on i , j=1,2 ,3)  
Once these genera l iza t ions  have been performed, the  p l a s t i c  s t r a i n  
increment i s  defined, a s  i n  conventional p l a s t i c i t y ,  by specifying 
successively i t s  existence,  d i r e c t i o n  and amp1 itude. P l a s t i c  flow 
occurs i f  the  s t r e s s  increment and t h e  s t r e s s  s t a t e  s a t i s f y  the  y i e l d  
c r i t e r i o n  enunciated i n  Sect ion 3.2.1. The p l a s t i c  flow d i r e c t i o n  i s  
characterized by the  u n i t  vector ,  denoted a, normal a t  the image a, and 
pointing outwards from the  bounding surface. This vector  i s  defined by 
r e l a t i o n  (3 .9)  with s u b s t i t u t i o n  of fo r  aij . 
i j Consequently, the  
increment of p l a s t i c  s t r a i n  and s t r e s s  increment obey r e l a t i o n  (3.41) 
specia l ized f o r  an assoc ia t ive  flow rule.  
However, the  p l a s t i c  flow amplitude, characterized by the p l a s t i c  
modulus H, i s  now r e l a t e d  t o  t h e  distance 6 .  This dependence i s  
examined i n  two steps,  depending on whether or not the  image point and 
t h e  s t r e s s  s t a t e  coincide. 
When both s t r e s s e s  coincide, which corresponds t o  t h e  merging of 
the  s t ress-s t ra in  curve with the  bound XX' of the  uniaxia l  t e s t  (Fig. 
4.2) and t o  a distance S equal t o  zero, the  p l a s t i c  modulus i s  found by 
enforcing t h e  s t r e s s  s t a t e  t o  remain on the  bounding surface. This 
r e s t r i c t i o n ,  known a s  t h e  consistency condit ion i n  conventional 
p l a s t i c i t y ,  i s  derived from equation (3.371, by specifying an 
- 
assoc ia t ive  flow r u l e  (% = n) and s u b s t i t u t i n g  a f o r  IZ. It y i e l d s  t h e  
following expression 
The modulus H obtained i n  expression (4.4) i s  denoted by %, where the  
lower index "Bt9 r e f e r s  t o  t h e  bounding surface. When t h e  s t r e s s  s t a t e  
and image po in t s  coincide, the re  i s  no di f ference  between conventional 
and bounding surface p l a s t i c i t y .  The bounding surface behaves 
simultaneously a s  a y i e l d  and po ten t i a l  surface and t h e  p l a s t i c  modulus 
H, independent of 6 ,  r e s u l t s  from the  consistency condition. 
I n  the  most general case, the image s t r e s s  ED the s t r e s s  s t a t e  a 
and t h e i r  respective changes denoted by d z  and dg, a r e  a l l  d i f fe ren t .  
However the  increments dg and d z  become r e l a t e d  by the  consistency 
condit ion (3.35) applied t o  t h e  image ins tead of the  s t r e s s  s t a t e .  
Using t h e  r e l a t i o n  (3.41) specia l ized f o r  the  assoc ia t ive  flow rule ,  and 
the  p l a s t i c  modulus # defined by r e l a t i o n  (4.41, the  consistency condi- 
t i o n  (3.35) y ie lds :  
This  expressions where # given by (4.4) i s  general ly d i f f e r e n t  from H, 
genera l izes  t h e  r e l a t i o n  (4.1) obtained f o r  the  unidimensional s t a te .  H 
i s  a funct ion of 5 and 6 .  Addit ionally,  i n  order t o  achieve a continu- 
ous t r a n s i t i o n  between a pnrely e l a s t i c  and an e l a s t i c - p l a s t i c  response, 
H i s  assumed t o  decrease continuously and monotonically from an 
a r b i t r a r i l y  large  p o s i t i v e  value when S i s  large ,  t o  reach the  value # 
when 6 becomes zero. 
4.3 ADVANTAGES BOUNDING SURFACE PLASTICITY OVER CONVENTIONAL 
PLASTICITY 
The r e l a t i o n  connecting t h e  p l a s t i c  moduli H, I$ and t h e  distance S 
introduces t h e  most important advantage of bounding surface p l a s t i c i t y  
over conventional p l a s t i c i t y .  I n  conventional p l a s t i c i t y ,  the p l a s t i c  
modulus H i s  ca lca la ted  a s  i n  r e l a t i o n  (3.37), d i r e c t l y  from the  harden- 
ing r a l e s ,  by enforcing t h e  consistency condition. The amplitade of 
p l a s t i c  flow i s  theref  ore  e s s e n t i a l l y  prescribed by a hypersurf ace 
motion. But sach motions, obviously d i f f  i c u l t  t o  character ize ,  a re  
genera l ly  derived from simple r u l e s  inspi red  from the kinematic and 
i s o t r o p i c  r u l e s  a s  observed i n  Section 3.2.3 fo r  von Mises' 
model. Consequently, the  p l a s t i c  flow amplitade cannot be adjusted with 
much f l e x i b i l i t y .  This remark becomes p a r t i c u l a r l y  important during 
c y c l i c  loading, when t h e  hardening r a l e s  control  e s s e n t i a l l y  the  
predicted response. For instance,  i n  Fig. 4.5, depending upon t h e  
se lec ted  hardening r u l e ,  von Mises' model e x h i b i t s  very d i f f e r e n t  
responses r e s u l t i n g  from strain-cycles between two extremes, denoted 
e ,in and emax respect ively .  For kinematic hardening t h e  s t r ess - s t ra in  
curve s t a b i l i z e s  on a closed loop, while, f o r  i s o t r o p i c  hardening, the  
response becomes purely e l a s t i c .  I n  bounding surface p l a s t i c i t y ,  the  
changes occurring f o r  the  bounding and y i e l d  surfaces  must a l s o  be 
specif ied.  The p l a s t i c  modulus Hg is  ca lca la ted  from sach a surface 
motion a s  indicated  i n  r e l a t i o n  4.4. But now the  amplitude of p l a s t i c  
flow i s  l e s s  dependent upon hypersurface motions. The sca la r  r e l a t i o n  
between H, 5 and 6 p r w i d e s  a n  addi t ional  degree of freedom t o  describe 
t h e  mater ia l  response, even during c y c l i c  loading. 
A s  t h e  second major advantage of bounding surface p l a s t i c i t y ,  the  
y i e l d  surface may vanish; it may be shrunk t o  t h e  s t r e s s  s t a t e .  I n  t h i s  
eventual i ty ,  s ince a normal vector  cannot be defined f o r  a  zero-sized 
Fig .  4 . 5 .  Predicted response by von Mises' model with d i f f erent  
hardening r u l e s  during s t r a i n  cyc l e s .  
a )  kinematic hardening 
b) i so trop ic  hardening 
surface, a  p a r t i c u l a r  r e la t ionsh ip ,  which i s  ca l l ed  t h e  "mapping ru le , "  
must connect t h e  s t r e s s  s t a t e  g and the  image a. For example, Dafal ias 
and Herrmann 14.21 defined t h e  r a d i a l  mapping so  t h a t  
or ,  expressed i n  terms of components, 
where x i s  a  sca la r  which s a t i s f i e s  t h e  equation: 
I n  equation (4.71, both g and 2 a r e  known, while x i s  t h e  unknown quan- 
t i t y .  I n  o the r  words, the  image defined by (4.6) i s  t h e  i n t e r s e c t i o n  of 
the  bounding surface wi th  the  s t r a i g h t  l i n e  passing through the  o r i g i n  
of s t r e s s  and t h e  s t r e s s  s t a t e  (Fig. 4.4). I n  order always t o  obta in  a 
unique image, the  bounding surface must be convex and conta in  t h e  o r i g i n  
of s t r e s s .  Addit ionally,  a  r u l e ,  which s p e c i f i e s  a p a r t i c u l a r  point ,  
must be defined when severa l  images a r e  possible. For r a d i a l  mapping 
(Fig. 4.41 two po in t s  a r e  genera l ly  possible:  the  c loses t  one t o  t h e  
s t r e s s  s t a t e  i s  se lec ted  a s  t h e  image. 
Even without a  y i e l d  surface,  a  f i n i t e  e l a s t i c  domain may be 
created. For ins tance ,  i f  the  p l a s t i c  modulus H takes  on a large  
posi t ive  value when S i s  l a r g e r  than some a r b i t r a r y  value Smin, then the  
response i s  almost purely e l a s t i c .  
The r a d i a l  mapping, a s  speci f ied  i n  r e l a t i o n  (4.61, i s  only a 
p a r t i c u l a r  example. Other choices may be considered such a s  a r a d i a l  
mapping with a pole d i f f e r e n t  of the  or ig in ,  or eventually a mapping 
r e l a t e d  t o  the  incremental s t r e s s  d i rec t ion.  
4.4 FORMULATION OF BOUNDING SURFACE TEEORY I N  P-Q SPACE 
The remarks appl ied t o  conventional p l a s t i c i t y  theory regarding 
formulation i n  t h e  p-q space (Sections 3.3, 3.4) s t i l l  hold. I f  the  
bounding surface model i s  expressed i n  terms of s t r e s s  invar ian t s ,  it  i s  
sa id  t o  be i sot ropic .  I n  t h i s  eventual i ty ,  corresponding t o  
axisymmetric s t r e s s  s t a t e s  and s t r e s s  increments, the  predicted s t r a i n  
s t a t e s  and changes a r e  axisymmetric; the  p q  s t r e s s  space and e 
v-=q 
s t r a i n  space represent  completely the  mater ia l  behavior. The model may 
be formulated i n  t h e  s impl i f ied  p-q space, a s  described by equations 
(3.59). 
CHAPTER V 
APPLICATION OF BOUNDING SURFACE PLASTICITY TO SOIL: 
A NEW SAND MODEL 
5 .1 INTRODUCTION 
I n  1979, Dafa l ias  [5.5,5.61 was t h e  f i r s t  t o  apply bounding surface 
p l a s t i c i t y  t o  s o i l  and, p a r t i c u l a r l y ,  t o  clays.  I n  1979, h i s  model was 
simply derived from the  e a r l y  Roscoe-Burland model 15.201 : He 
t r ans f  ormed Roscoe-Barland e l l i p t i c  y i e l d  sur face  i n t o  a  bounding 
surface ,  and added an a r b i t r a r y  r e l a t i o n  between t h e  p l a s t i c  modulus H, 
5 and t h e  d i s t ance  6. As a r e s u l t  of these adapta t ions ,  
overconsol ida ted  c lays ,  which had only e l a s t i c  responses according t o  
t h e  Roscoe-Burland model, were now able  t o  e x h i b i t  p l a s t i c  deformation. 
I n  1982, Dafa l ias  and Herrmann C5.71 modified t h e  bounding surface  shape 
i n  order  t o  improve t h e  d e s c r i p t i o n  of d i l a t i n g  and s t ra in-sof tening  
responses. This  new surface  i s  composed of po r t ions  of two e l l i p s e s  
connected continuously wi th  a  hyperbola. I n  both model vers ions ,  t he  
bounding surface  i s  a y i e l d  and a p l a s t i c  p o t e n t i a l  surface f o r  normally 
consolidated c lays .  For a  c lay  i n  an  overconsolidated s t a t e ,  t he  
bounding surf  ace has  a  p o s i t i o n  r e l a t e d  t o  i t s  normally consolidated 
s t a t e .  This inf  laence of t h e  overconsol ida t i o n  r a t i o  renders  Daf a1 i a s  
models successfu l  f o r  c lays .  However, s ince granular  m a t e r i a l s  depend 
more on t h e  i n i t i a l  dens i ty  than  on t h e  averconsol ida t ion  r a t i o ,  
Dafal ias '  model cannot be appl ied  meaningfully t o  sands without substan- 
t i a l  modifications. 
I n  1982, Aboim C5.11 proposed a simple bounding surface model f o r  
sand, composed of only s i x  parameters. H i s  bounding surface  i s  e l l i p -  
t i c ,  but  wi th  a v a r i a b l e  aspect  r a t i o ,  which allows it  t o  match t h e  mea-  
sured sand response during t h e  t r i a x i a l  t e s t  a t  constant  confining pres- 
sure. Although t h i s  r ecen t  model has not  been studied h e r e i n  a s  
extens ive ly  a s  Daf a1 i a s '  model, the  r e l a t i o n  between t h e  p l a s t i c  modul i 
H e  5 and t h e  d is tance  S on i t  seems a r b i t r a r y ,  and s t ra in-sof tening  i s  
not  considered. It is  the re fo re  adapted t o  sands i n  a loose t o  medium 
dense s t a t e .  
From t h e  l i t e r a t u r e  review, bounding surface  p l a s t i c i t y  is  a new 
theory and has no t  y e t  been appl ied  extens ive ly  t o  sands. I t s  success- 
f u l  a p p l i c a t i o n  t o  meta ls  and c l a y s  by Dafa l ias  demonstrates i t s  potea- 
t i a l  worth and i t s  s u p e r i o r i t y  over conventional p l a s t i c i t y  t o  descr ibe  
a mater ia l  behavior,  e s p e c i a l l y  daring cycl  i c  loadings. A good 
rep resen ta t ion  of mater ia l  c y c l i c  response i s  p a r t i c u l a r l y  important f o r  
of fshore  technology o r  earthquake engineering. Heavy sea storms subjec t  
the  foundations o r  p i l e s  of of fshore  platforms t o  l a r g e  pe r iod ic  wave 
forces .  Although wi th  s h o r t e r  periods,  earthquakes a l s o  generate c y c l i c  
loadings o r  s t r u c t u r e s ,  Eventual ly d i s a s t r o u s  phenomena, known a s  s o i l  
l i que fac t ion ,  may r e s a l t  from these  c y c l i c  loadings.  However, bearing 
i n  mind t h a t  complex c y c l i c  loadings i s  t h e  f u t u r e  goal ,  the  model must 
f i r s t  be developed f o r  simple monotonic loadings. 
A p a r t i c u l a r  da ta  s e t  from t e s t s  on Sacramento River sand i s  used 
extens ive ly  t o  present  t h e  new model. These t e s t  r e s u l t s  were published 
by Seed and Lee [5.12,5.231 and, were personal ly  communicated t o  t h e  
author by Lade i n  t h e i r  o r i g i n a l  and d e t a i l e d  labora tory  da ta  format. 
These experimental r e s u l t s ,  one of t h e  few cons i s t en t  s e t  of t e s t s  t h a t  
have been published on sands, a r e  accepted by most researchers  a s  r e l i -  
able;  they t r u l y  r ep resen t  t h e  rheologica l  sand behavior. Although 
based p r i n c i p a l l y  on t h i s  da ta  s e t ,  t he  new model may be appl ied  t o  any 
sand, a s  i t  i s  founded on general  observat ions  of sand behavior. 
The model p r e s e n t a t i o n  i s  adapted t o  t h e  ava i l ab le  labora tory  
experiments. Since a l l  t h e  t e s t s  were performed i n  t h e  axisymmetric 
s t a t e  of s t r e s s  and s t r a i n  a s  defined i n  Sect ions  2.2 and 2.3, the  new 
model i s  formulated i n  t h e  p-q s t r e s s  space. F i r s t ,  t he  e l a s t i c  
con t r ibu t ion  t o  t h e  e l a s t i c - p l a s t i c  ma te r i a l  response i s  inves t iga ted;  
most e l a s t i c  models used f o r  sand a r e  incor rec t  and need t o  be a l t e r e d  
i n  order  t o  conserve energy. Then t h e  p l a s t i c  con t r ibu t ion  i s  examined 
wi th  a  new technique, which c o n s i s t s  of following t h e  incremental 
mater ia l  behavior wi th  an  i n t e r a c t i v e  computer code C5.21. The computer 
has been used i n  s o i l  modeling previous ly  mostly t o  perform s t epby-s t ep  
in t eg ra t ion ,  which l e a d s  u l t ima te ly  t o  numerical p red ic t ions  of s o i l  
behavior. But i t  h a s  no t  been used commonly f o r  the  e l abora t ion  of a  
c o n s t i t u t i v e  equation. Here i t  in t roduces  a  systematic  exp lo ra t ion  of 
t e s t  r e s u l t s ,  and allows us t o  i s o l a t e  some p a r t i c u l a r  aspect of the  
mater ia l  response. Although the  experimental da ta  were too sparse t o  be 
f u l l y  compatible with t h i s  new technique, a  l o t  of useful  information 
was extracted.  For ins tance ,  the experimental d i r e c t i o n  of p l a s t i c  flow 
was elucidated by t h i s  method and consequently a  new bonnding surface 
equation, d i f f e r e n t  from Daf a1 i a s  and Aboim's surfaces,  is  proposed. 
Following t h e  bounding surface de f in i t ion ,  i t s  motion i s  speci f ied  by 
se lec t ing  an appropriate i n t e r n a l  variable.  F inal ly ,  from the p l a s t i c  
flow amplitude given a l s o  by the  computer code, a  r e l a t i o n  between t h e  
~ o d u l i  H, % and t h e  d is tance  S i s  proposed. A r b i t r a r i l y  se lec ted  by 
Dafal ias and Aboim, t h i s  r e l a t i o n  i s  inves t igated  i n  more d e t a i l  i n  t h i s  
presentat ion.  
Thus a  new c o n s t i t u t i v e  r e l a t i o n  i s  es tabl ished f o r  sand. Once it  
has  been f u l l y  derived i n  p-q space, it i s  extended t o  t h e  six- 
dimensional s t r e s s  s t a t e  by invoking isot ropy and a  spec i f i c  contribu- 
. . 
t i o n  of Lode's angle. 
A s  an  i l l u s t r a t i o n ,  a l l  the  model constants  a r e  ca lcula ted  f o r  the  
dense Sacramento River sand. F ina l ly  the  predicted sand behavior, 
obtained by numerical i n t e g r a t i o n  of the  new cons t i tu t ive  equation, i s  
compared not only t o  r e a l  experimental r e s u l t s ,  but a l s o  t o  another 
numerical p red ic t ions  given by a  d i f f e r e n t  sand model. 
5.2 ELASTIC CONTRIBUTION 
According t o  r e l a t i o n  ( 3  -5) , the  s t r a i n  increment i s  the  sum of two 
simal taneoas increments: one e l a s t i c  and the  o ther  p l a s t i c .  However, 
the  p l a s t i c  increment may vanish i n  some p a r t i c u l a r  condit ions and 
leaves the  s t r a i n  increment purely e l a s t i c .  Such condit ions a r e  met 
exact ly  during unloading ( the  s t r e s s  s t a t e  moves ins ide  the  y i e l d  
surf  ace ) o r  approximately a t  the  beginning of loading ( the  p l a s t i c  
s t r a i n  a r e  negl ig ib le  w . r . t ,  t he  e l a s t i c  one),  This l a s t  approximation 
mast be considered wi th  caut ion f o r  the  s t r e s s  s t a t e  l i e  on the  y i e l d  
surface. All the  remarks on how t o  i s o l a t e  the  e l a s t i c  response from 
the  t o t a l  response p e r t a i n  f o r  bounding surface p l a s t i c i t y :  only s t r e s s  
r e v e r s a l s  give accurate experimental data t o  character ize  the  revers ib le  
sand behavior. 
5.2.1 Preliminary Remarks on E l a s t i c  Sand Models 
For most of the  e l a s t i c - p l a s t i c  sand models, the  e l a s t i c  
contr ibut ion i s  i s o t r o p i c  bat  nonlinear. Isotropy i s  a convenient 
hypothesis,  since i t  lowers t h e  number of e l a s t i c  moduli t o  two; these 
two q u a n t i t i e s  a r e  se lec ted  from Young's modalas E, Poisson's r a t i o  V ,  
balk modalas B o r  shear modulas G. Lame's modalas 1 i s  r a r e l y  used i n  
s o i l  mechanics. A l l  t he  preceding q u a n t i t i e s  a r e  r e l a t e d  a s  shown i n  
Table 5.1. The n o n l i n e a r i t i e s  a r e  usual ly  r e l a t e d  t o  a pressure 
dependence. For instance. the  balk  modulas i s  o f t e n  se lec ted  a s  the  
following power func t ion  of t h e  mean pressure p. 
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where Bo and n a r e  mater ia l  constants. Since Poisson's r a t i o  i s  always 
d i f f i c u l t  t o  measure accura te ly ,  it i s  commonly assumed t o  be equal t o  a 
constant Vo; fo r  most s o i l s ,  Vo i s  se lec ted  between 0.2 and 0.3. In  
t h i s  eventual i ty ,  from Table 5 .I, Young's and shear moduli become a l s o  
power funct ions  a s  i n  expression 5 . 1  , with the  same exponent but 
d i f f e r e n t  constants. 
However, a1 though commonly used i n  p rac t i ce ,  the e l a s t i c  models 
using r e l a t i o n  (5.1) and a constant Poisson's r a t i o  a r e  not sa t i s fac -  
tory:  they d i s s i p a t e  or  c rea te  some work during a closed s t r e s s  cycle. 
A shor t  proof of t h i s  a s s e r t i o n  follows i n  the  p a r t i c u l a r  axisymmetric 
loading defined i n  sec t ions  (2.2) and (2.3) . By def in i t ion ,  the  incre- 
mental work dW corresponding t o  incremental s t r a i n  d8:,dee about a 9 
s t r e s s  s t a t e  p,q i s  such a s  
Subs t i tu t ing  t h e  e l a s t i c  r e l a t i o n s  (3.701, dW is  rewr i t t en  
I n  order f o r  dW, which depends only upon t h e  va r iab les  p and q, t o  be 
stress-path independent, dW must have a d i f f e r e n t i a l  form; the  f 01 lowing 
condi t ion  must be s a t i s f i e d :  
I f  Poisson's r a t i o  i s  constant ,  and t h e  bulk modulus depends only upon 
p, r e l a t i o n  (5.4) i s  not  s a t i s f i e d  s ince each term can be w r i t t e n  
A s  a consequence of (5.51, some work W i s  crea ted  o r  d i s s ipa ted  during 
c losed  s t r e s s  cycles  and t h e  work W becomes dependent on t h e  s t r e s s  
path. This  r e s u l t  may be i l l u s t r a t e d  wi th  two simple s t r e s s  paths and a 
closed s t r e s s  cycle a s  shown i n  Figure 5.1. These paths,  loca ted  i n  t h e  
p-q space, Connect a n  i n i t i a l  s t a t e  (p qi) and a f i n a l  s t a t e  ( p f , q f ) .  iD 
Along t h e  f i r s t  path, defined by t h e  successive s t a t e  (piDqi) , (Pi,qf) 
and ( P ~ ,  qf)  , t h e  work done i s  
Along t h e  second path,  which d i f f e r s  from t h e  f i r s t  one by the  
in termedia te  s t a t e  (p f ,  qi) , t he  work i s  
Fig. 5 . 1 .  Stress paths and s t r e s s  cycle to  calculate energy for a 
nonlinear i sotropic  e l a s t i c  model. 
Fig. 5 . 2 .  F i t t ing  of  isotropic unloading t e s t  on the dense Sacramento 
River sand with the se lected nonlinear e l a s t i c  model. 
By v i r t u e  of expression (5.1) and Table 5.1, G(pi) i s  d i f f e r e n t  from 
G ( P ~ ) ,  i f  pi d i f f e r s  from pf. The work W depends on the  s t r e s s  paths 
r e l a t i n g  i n i t i a l  and f i n a l  s t a t e .  Along the  closed s t r e s s  path, formed 
by following t h e  f i r s t  path and reversing t h e  second path, the  work i s  
Since the  work W c  i s  pos i t ive ,  energy i s  d iss ipated  during t h i s  s t r e s s  
cycle, 
This theore t i ca l  deficiency of the  e l a s t i c  model may be e a s i l y  
corrected by changing t h e  r e l a t i o n  (5.1). Instead of depending only 
upon p, the  bulk modulus becomes a funct ion of p and q with the r e s t r i c -  
t i o n  t h a t  i t  s a t i s f i e s  r e l a t i o n  (5.1) fo r  the  p a r t i c u l a r  i so t rop ic  
loading ( q  = 0 ) .  Poisson's r a t i o  i s  s t i l l  assumed constant.  The equa- 
t i o n  (5.5) i s  a  p a r t i a l  d i f f e r e n t i a l  equation: t h e  unknown funct ion B 
with va r iab les  p and q s a t i s f i e s  t h e  boundary condit ions given by rela- 
t i o n  (5.1) when q equals  t o  zero  and p i s  pos i t ive .  The so lu t ion  of 
t h i s  boundary value problem is: 
where Bo and n a r e  the  same constants  a s  defined i n  (5.1). This r e s u l t ,  
obtained f o r  axisymmetric s t a t e s ,  was generalized t o  the  six-dimensional 
s t r e s s  space by Loret C5.131; i n  t h i s  case, the bulk modulus B is  such 
t h a t :  
(sum on i,j ,k=1,2,3) 
The correc t ions  (5.7) apply only when Poisson's r a t i o  i s  constant and 
when t h e  bulk modulas i s  a power funct ion of the  mean pressure during 
t h e  i so t rop ic  t e s t ,  This cor rec t ive  technique, which involves the  solu- 
t i o n  of p a r t i a l  d i f f e r e n t i a l  equation (5.4) with boundary conditions, 
may be generalized t o  any nonlinear i s o t r o p i c  e l a s t i c  models, where two 
e l a s t i c  moduli a re  a r b i t r a r y  funct ions  of the  s t r e s s .  For instance the 
shear modulus G is  of t e n  assumed t o  be a funct ion of the  mean pressure 
p, while the  bulk modulas B remains constant.  Such an assumption 
v i o l a t e s  c l e a r l y  the  r e l a t i o n  (5.4) and may be corrected. However, 
nonlinear e l a s t i c  models, which a r e  defined from a s t r a i n  energy func- 
t ion ,  always s a t i s f y  t h e  expression (5.4). Inves t igated  only by a few 
researchers,  e.g., Chang, KO, Westman and Sco t t  E5,41, such models a r e  
r a r e l y  used i n  constructing e l a s t i c - p l a s t i c  s o i l  models. 
5.2.2 Choice of an E l a s t i c  Model 
The corrected e l a s t i c  model, a s  defined i n  t h e  r e l a t i o n s  (5.7) i s  
se lec ted  t o  represent  t h e  e l a s t i c  contr ibut ion i n  the  new e l a s t i c  plas- 
t i c  model. The two mater ia l  constants ,  Bo and n, a re  defined from 
i so t rop ic  cyc l i c  t e s t s .  Poissonf s r a t i o  Vo i s  a r b i t r a r i l y  chosen equal 
t o  0.2. Fran r e l a t i o n  (5.7a), t h i s  p a r t i c u l a r  e l a s t i c  model p r e d i c t s  
t h a t  both the bulk and Young's moduli increase with the  s t r e s s e s  p  and 
q. Adopted f o r  convenience and t h e o r e t i c a l l y  correc t ,  t h i s  a s s e r t i o n  
has  not been va l ida ted  or  r e fu ted  by any t e s t  found i n  t h e  l i t e r a t u r e .  
However, i f  such a  r e s u l t  was found not t o  comply with experimental 
data,  Poissonf s r a t i o  may be se lec ted  a s  mean pressure dependent. 
5.2.3 Ca-lculation of E l a s t i c  Material  Constants 
The c a l c u l a t i o n  of the  mater ia l  constants  Bo and n  a r e  performed 
f o r  the  dense Sacramento River sand from two cycles of loading-unloading 
during an i s o t r o p i c  t e s t .  Daring i s o t r o p i c  t e s t s ,  r e l a t i o n s  (5.7a) and 
(5.1) coincide. The incremental r e l a t i o n  (3.70) i s  in tegra ted  from an 
a r b i t r a r y  i n i t i a l  s t a t e  p  t o  the  present  s t a t e :  
0 v  
I n  p a r t i c u l a r  i f  the  unloading i s  ca r r i ed  t o  zero pressure,  (po i s  zero) 
r e l a t i o n  (5.8) becomes: 
After  taking the  logarithm of (5.91, a  l i n e a r  regress ion technique 
i s  applied t o  t h e  experimental data points  i n  order t o  ca lcu la te  Bo and 
n; it  gives f o r  the Sacramento River sand the  values i n  Table 5.2. All 
the  ca lcu la t ions  were performed with a small programmable hand calcula- 
t o r  15.81. A l i n e a r  regress ion ana lys i s  was applied successively t o  
each cycle, then t o  both cycles. Although the  values d i f f e r  s l i g h t l y ,  
r e l a t i o n  (5.1) descr ibes  with good accuracy the  bulk modulus dependence 
upon the  mean pressure p, a s  shown i n  Figure 5.2. The parameters Bo and 
n, obtained by Lade 15.101, a r e  a l s o  shown i n  Table 5.2. 
5.2.4 General Remarks and Sunaestions f o r  Future E l a s t i c  Model 
Within the  context of bounding surface p l a s t i c i t y ,  the  e l a s t i c  
contr ibut ion may be considered from a new point  of view. When the  
s t r e s s  s t a t e  i s  f a r  away from the  bounding surface ( 6  l a rge ) ,  the  
response i s  e l a s t i c ;  the  s t r a i n  increment corresponding t o  a given 
s t r e s s  increment i s  small. On the  o ther  hand, when the  s t r e s s  s t a t e  
l i e s  on t h e  bounding surface ,  the  s t r a i n  increment, e s s e n t i a l l y  p l a s t i c ,  
i s  large.  The continuous t r a n s i t i o n  from the e l a s t i c  t o  the  e l a s t i c -  
p l a s t i c  range, i .e. ,  between small and l a rge  s t r a i n  increments, i s  
maintained since the  p l a s t i c  modulus H i s  a continuous funct ion of the  
distance 6. 
TABLE 5.2.  ELASTIC CONSTANTS Bo AND n FOR THE DENSE SACRABfENTO RIVER SAND 
Bo 
F i r s t  unloading o n l y  
I 
I 829.5 / 0 .28  1 
I I 
Second unloading o n l y  I j 579.5 i 0.63 1 
I I i 
F i r s t  and second unloadings  (average)  / 729.0 / 0.47 1 
I 
Values g i v e n  by Lade [5.101 I 1 933.3 1 0.57 1 I I 
- 
@ 0 
Bo - 3(1-2V) ' Eo = 1680  , V = 0.2 I I 
Contrary t o  general pract ice  i n  e l a s t i c - p l a s t i c  models, the  e l a s t i c  
contr ibut ion may be coupled with the  p l a s t i c  response. The e l a s t i c  
parameters, such as  t h e  bulk and shear modulus, may depend not only upon 
t h e  s t r e s s  but upon the  in te rna l  variables.  When no p l a s t i c  s t r a i n s  a r e  
created,  i.e., when t h e  in te rna l  va r iab les  a r e  unchanged, the e l a s t i c  
model s t i l l  p r e d i c t s  no energy d i s s i p a t i o n  or  creat ion.  When p l a s t i c  
flow occurs, the  e l a s t i c  moduli become dependent on the  in te rna l  vari- 
ables,  and the  e l a s t i c  model may c rea te  or  d i s s ipa te  energy, which any- 
way becomes meaningless since energy i s  diss ipated  a t  the  same time by 
p l a s t i c  s t r a i n .  
Such an e l a s t i c - p l a s t i c  coupling, i f  used i n  the  fu ture ,  w i l l  allow 
a  b e t t e r  desc r ip t ion  of densi f ica t ion.  For instance i n  order t o  
represent  the  d e n s i f i c a t i o n  of Sacramento River sand, the mater ia l  
constants  B and n  may be se lec ted  a s  funct ions  ( i n  add i t ion  t o  s t r e s s )  0 
of in te rna l  var iables ,  such a s  t h e  p l a s t i c  volumetric s t r a i n .  
5.3 DIRECTION OF PLASTIC FLOW 
Once the  e l a s t i c  con t r ibu t ion  has  been defined, the  p l a s t i c  s t r a i n  
increment needs t o  be characterized,  successively by i t s  d i rec t ion ,  and 
i t s  amplitude; i t s  existence i s  spec i f i ed  afterwards. A s  mentioned i n  
sec t ion  4.2, bounding surface p l a s t i c i t y  theory p r e d i c t s  t h a t  the plas- 
t i c  flow d i r e c t i o n  i s  c o l l i n e a r  wi th  the  normal t o  the  bounding surface 
a t  the  image point.  A s  i n  coment ional  p l a s t i c i t y ,  the  p l a s t i c  flow 
d i r e c t i o n  i s  not  r e l a t e d  t o  t h e  s t r e s s  increment d i rec t ion ,  and depends 
on t h e  present  s t r e s s  s t a t e .  This stress-dependence must respect ,  a s  
much a s  possible,  well-known and observed aspects  of the  behavior of 
granular mater ia l ,  i n  pa r t i cu la r ,  the  three  main concepts known a s  the  
c r i t i c a l  s t a t e ,  the c h a r a c t e r i s t i c  s t a t e  and the  stress-dilatancy rela-  
t ions .  Each of these points ,  which a r e  f i r s t  reviewed and then v e r i f i e d  
f o r  the  dense Sacramento River sand, enforce cons t ra in t s  on the  r e l a t i o n  
between p l a s t i c  flow d i r e c t i o n  and s t r e s s  s t a t e ,  and consequently on the  
possible shape of the  bounding surface. Ultimately, a  bounding surface 
i s  selected;  i t s  p red ic t ion  of t h e  p l a s t i c  flow d i r e c t i o n  i s  compared 
with rea l  values obtained f o r  the  Sacramento River sand. Since the  
bounding surface equation i s  es tabl ished from general observations on 
granular  mater ia l ,  i t  may be applied t o  any sand. 
5.3.1 C r i t i c a l  S t a t e  
A s  defined by Schof i e l d  and Wroth, 15.223 t h e  c r i t i c a l  s t a t e  i n  
s o i l  mechanics i s  an  asymptotic s t a t e ,  eventually reached during 
loading, characterized by no volume change, no s t r e s s  change and 
i n f i n i t e  dev ia to r i c  s t r a i n :  "It i s  a s  i f  the  mater ia l  has melted under 
s t ress ."  
For axisymmetric s t a t e s  of s t r e s s  and s t r a i n ,  t h i s  d e f i n i t i o n  i s  
t r a n s l a t e d  i n t o  t h e  following mathematical terms: 
According t o  Schof i e l d  and Wroth, the  c r i t i c a l  s t a t e  has a  loca t ion  i n  
t h e  p-q-e space given by the  following re la t ions :  
It i s  defined only by four mater ia l  constants: 
I" value of c r i t i c a l  void r a t i o  a t  u n i t  mean pressure. 
A slope of c r i t i c a l  s t a t e  l i n e  p ro jec t ion  i n  Xn(p)-e plane. 
Mc,Ilfe s lopes of p r o j e c t i o n o f  c r i t i c a l  s t a t e  l i n e s  i n  p-q plane 
corresponding t o  pos i t ive  and negative devia tor ic  s t r e s s .  
For a  clay,  normally or  s l i g h t l y  overconsol ida ted, the  c r i t i c a l  
s t a t e  l i n e  i s  unique, and i t s  projec t ion i n  the  In(p)-e plane i s  
p a r a l l e l  t o  the  v i r g i n  consolidat ion l i n e  (response of a  normally 
consolidated sample t o  an  hydros ta t i c  compression). It does not depend 
on the  previous loading h i s t o r y  of the  mater ia l .  
For most sands, t h e  c r i t i c a l  s t a t e  i s  d i f f i c u l t  t o  exh ib i t  experi- 
mentally. A s  observed by Lade C5.111 and other  experimental is ts ,  the  
s t r a i n s  wi th in  a  sand sample become o f t e n  non-uniform, f o r  instance,  due 
t o  a  s t r a in - loca l i za t ion  such a s  a  shear band. The volume measurement, 
general ly performed wi th  i n t e r s t i t i a l  water sa tu ra t ing  t h e  sample, 
underestimates t h e  volumetric s t r a i n  i n  the  shear band, ac t ive  p a r t  of 
the  sample. The d i scon t inu i t i e s ,  even more accentuated i n  t h e  presence 
of large  deformation (e.g., 20% of axia l  s t r a i n  i n  t r i a x i a l  t e s t ) ,  
render the a s w ~ t o t i c  c r i t i c a l  s t a t e  more d i f f i c u l t  t o  determine experi- 
mentally i n  sands. 
However, the c r i t i c a l  s t a t e  remains a v a l i d  assumption i n  the  case 
of the Sacramento r i v e r  sand. I n  Fig. 5.3, the  experimental points  of 
void r a t i o  versus mean pressure a t  c r i t i c a l  s t a t e  obey a r e l a t i o n  
s imi lar  t o  ( 5 . 1 1 ~ )  fo r  drained and undrained t e s t s  a t  d i f f e r e n t  confin- 
ing pressures. The c r i t i c a l  s t a t e  f o r  sands depends on the  i n i t i a l  sand 
density,  and i s  not p a r a l l e l  t o  the  i so t rop ic  consolidat ion response 
curve. 
By applying a l i n e a r  regress ion ana lys i s  t o  t h e  data  of Tables 5.3, 
corresponding t o  t h e  equation (5.131, the  following values  were found 
(Fig. 5.4): 
dense sand : Mc = 1.38 , I( = 0.88 , 5 = 0.088 
and 
loose sand : M = 1.35 , = 1.0 , 5 = 0.084 
C 
Within the  context of an e l a s t i c - p l a s t i c  theory, the  c r i t i c a l  s t a t e  
r equ i res  t h e  p l a s t i c  s t r a i n  increment t o  be p a r a l l e l  t o  t h e  q axis ,  
which means t h a t  the  unit vector  defining t h e  p l a s t i c  flow d i r e c t i o n  has  
t h e  following components: 

TABLE 5.3 a CRITICAL STATE DATA FROM DRAINED AND UNDRAINED TESTS ON 
DENSE SACWNTO RIVER SAND (AFTER SEED [5.12,5.231) 
TABLE 5.3b CRITICAL STATE DATA FROM DRAINED AND UNDRAINED TESTS ON 
LOOSE SACRAEifENTO RIVER SAND (AFTER SEED [ 5.1 2,5.23 1 ) 
I n i  t i  a1 
Void 
l R a t i o  eo 
M 
1.40 
1.37 
1.43 
1.3 9 
1 .31  
t e s t s  
exc 1 ude d 
( c a v i t a t i o n )  
1.42 
1.41 
1 .30 
P 
kg/cm 
2 
2.64 
7.53 
16.3 
27.09 
46.4 
5.92 
34.7 
47.5 
43.6 
43.2 
41.2 
R a t i o  
I n i t i a l  
Void 
R a t i o  e 0 
0.638 
0.629 
0.61 
0.592 
0.576 
0.628 
0.606 
0.587 
0.587 
0.571 
0.564 
I n i t i a l  Confining 
P r e s s u r e  
I n i t i a l  Confining 
P r e s s u r e  
2 (kg/cm 
1 
3 
6 
10.5 
2 0 
1 
10.5 
15.1  
20.2 
29.9 
40.1 
C r i t i c a l  Void 
Ra t i o  
0.826 
0.719 
0.691 
0.617 
0.576 
0.628 
0.606 
0.587 
0.587 
0.571 
0.564 
C r i t i c a l  Void 
p 
kg/cm2 
1.88 
5.51 
11.43 
19.55 
35.47 
3.82 
23.0 
31.8 
30.63 
30.7 
31.8 
The c r i t i c a l  s t a t e  implies a l s o  t h a t  the  amplitude of the  p l a s t i c  s t r a i n  
increment i s  i n f i n i t e ,  i. e., the  p l a s t i c  modulus H becomes zero, 
5 .3 .2 CHARACJXRISTIC STATE 
F i r s t  observed experimentally by Shibata and Karube 15.241 , the  
"charac te r i s t i c  s t a t e "  was defined Luong 15.151 a s  the  s t r e s s  s t a t e  
where the  r a t e  of volumetric s t r a i n  becomes equal t o  zero. Dif ferent  
from the  c r i t i c a l  s t a t e ,  which i s  always obtained f o r  large  s t r a i n s ,  the 
c h a r a c t e r i s t i c  s t a t e  corresponds t o  small deformations. But l i k e  the 
c r i t i c a l  s t a t e ,  the c h a r a c t e r i s t i c  s t a t e  i s  independent of the  i n i t i a l  
density. The c h a r a c t e r i s t i c  s t a t e  separa tes  the  contract ing and 
d i l a t i n g  behaviors (Fig. 5-41. The contrac t ion occars i n  t h e  
subcharac te r i s t i c  region, which i s  bounded i n  t h e  p-q plane by the 
c h a r a c t e r i s t i c  s t a t e  l i n e s ,  and t h e  d i l a t i o n  takes  place i n  t h e  
supercharac te r i s t i c  region. 
According t o  Luong ' s experiments on Fontainebleaa sand, the  
c h a r a c t e r i s t i c  s t a t e  l i n e s  a r e  s imi la r  t o  the  c r i t i c a l  s t a t e  l i n e s  of 
r e l a t i o n  (5.11) : 
F i g .  5 . 4 .  C h a r a c t e r i s t i c  s t a t e  l i n e  from drained t e s t s  a t  d i f f e r e n t  
c o n f i n i n g  p r e s s u r e s  and c r i t i c a l  s t a t e  l i n e  from drained and 
undrained t e s t s  a t  d i f f e r e n t  conf in ing  pressures ;  a l l  t e s t s  
a r e  performed o n  t h e  l o o s e  or  dense Sacramento River sand. 
where M* ,M*e a r e  two mater ia l  constants ,  general ly s l i g h t l y  d i f f e r e n t  C 
from Mc and Me. The dense Sacramento River sand obeys a l s o  r e l a t i o n  
(5.13a), a s  shown i n  Fig. 5.4. 
However Luong's c h a r a c t e r i s t i c  s t a t e  i s  not sa t i s fac to ry .  Tensile  
t r i a x i a l  t e s t s  a t  constant confining pressure performed by Robine t 
15.191 h 9 shown t h a t  some dense sands d i l a t e  continuously from the  
beginning of dev ia to r i c  loading. This absence of contrac t ion implies 
t h a t  the  subcharac te r i s t i c  domain does not e x i s t  and consequently 
v i o l a t e s  Lnong 's c h a r a c t e r i s t i c  s t a t e .  This deficiency may be avoided 
i f  the  c h a r a c t e r i s t i c  s t a t e  i s  redefined a s  t h e  s t r e s s  s t a t e  where the  
r a t e  of p l a s t i c  ( ins tead of t o t a l )  volumetric s t r a i n  becomes equal t o  
zero. This new s t a t e  i s  s t i l l  defined by the  r e l a t i o n s  (5.13). But the  
continuous d i l a t i o n  observed by Robinet C5.191 i n  t e n s i l e  t e s t  i s  now 
j u s t i f  ied: t h e  e l a s t i c  volumetric s t r a i n  may be negative ( d i l a t i n g )  and 
l a r g e r  i n  absolute value than t h e  pos i t ive  p l a s t i c  s t r a i n  (contrac t ing)  , 
so t h a t  the  t o t a l  volumetric s t r a i n  i s  negative ( d i l a t i n g ) .  Within the  
context of p l a s t i c i t y ,  the  c h a r a c t e r i s t i c  s t a t e ,  l ike  the  c r i t i c a l  
s t a t e ,  requires  t h e  un i t  vector ,  c o l l i n e a r  t o  t h e  p l a s t i c  flow, t o  
s a t i s f y  r e l a t i o n s  (5.12), while the  s t r e s s  s t a t e  s a t i s f i e s  (5.13). How- 
ever, no condi t ion  i s  imposed on the  p l a s t i c  modulus H. 
The "charac te r i s t i c  s t a t e "  i s  an a t t r a c t i v e  f e a t u r e  t o  represent  
the  cyc l i c  behavior of sand, which may be i l l u s t r a t e d  by the  complex 
cyc l i c  t e s t  performed by Luong E5.141 and shown i n  Fig. 5.5. During 
t h i s  drained t e s t  a t  constant  confining pressure,  e igh t  successive 
s e r i e s  of twenty cycles of devia tor ic  s t r e s s  q were applied t o  
Fontainebleaa sand. These cycles had a constant amplitude (0.1 MPa), 
a r e  centered f o r  d i f f e r e n t  va lues  of the r a t i o  q/p, and were d i s t r i b u t e d  
on both s ides  of t h e  c h a r a c t e r i s t i c  s t a t e  l i n e  (Fig. 5.5a). The resu l t -  
ing volumetric s t r a i n s ,  which a r e  shown versus q i n  Fig. 5.5b, change i n  
agreement with t h e  c h a r a c t e r i s t i c  s t a t e .  In  the  subcharac te r i s t i c  
domain, when t h e  r a t i o  q/p i s  between -0.75 and 1.26, densif i c a t i o n  i s  
observed, whereas, i n  t h e  supercharac te r i s t i c  domain, d i l a t i o n  i s  
recorded. The c h a r a c t e r i s t i c  l i n e  remains f ixed even during such a 
complex cycl i c  1 oading h i s t o r y  . 
5.3.3 Stress-Dilatancy Theories 
A l l  s t r e s s d i l a t a n c y  theor ies  have one common goal: t o  expla in  
how granular mater ia l  d i l a t e s  while i t  i s  subjected t o  shear s t r esses .  
Since they give q u a l i t a t i v e  and quan t i t a t ive  information on the  direc-  
t i o n  of the  s t r a i n  increment, they, together with the c h a r a c t e r i s t i c  and 
c r i t i c a l  s t a t e s ,  a r e  useful  fo r  character iz ing t h e  p l a s t i c  flow 
di rec t ion.  The f i r s t  of these t h e o r i e s  was developed i n  1962 by Rowe 
[5.21] and placed on a mathematical b a s i s  i n  1965 by Horne 15.91. Since 
then, o ther  t h e o r i e s  have appeared: Tatsuoka 15.271 , Nwa [5.171, Momen 
and Ghabonssi 15.161. 
F i g .  5 .5a.  Drained c y c l i c  loading a t  constant  conf in ing  pressure  on 
Fontainebleau sand ( a f t e r  Luong 15 .I51 ) . 
F i g .  5.5b.  Drained c y c l i c  loading a t  constant  conf in ing  pressure  on 
Fontainebleau sand ( a f t e r  Luong [5.151). 
A s  a n  i l l u s t r a t i o n ,  only Rowets and N w a t s  t h e o r i e s  a r e  presented. 
5.3.3.a Rowe's S t r e s s  Dilatancy Theory (1962) 
Rowe C5.211 considers, experimentally and t h e o r e t i c a l l y ,  the 
behavior of assemblies of cohesionless, spherical  p a r t i c l e s  of uniform 
s ize ,  arranged i n i t i a l l y  i n  regular  arrays. These assemblies a r e  
subjected t o  an  axisymmetric s t a t e  of s t r e s s  a s  defined i n  r e l a t i o n  
(2.51, with the  a x i s  of symmetry coinciding with the  a x i s  of symmetry of 
the  i n i t i a l  packing. The associa ted  s t r a i n s  s a t i s f y  the  r e l a t i o n  (2.3). 
Introducing t h e  angle of s o l i d  f r i c t i o n  between p a r t i c l e s ,  denoted by d 
Cc 
and assumed t o  be uniform and independent of pressure, Rowe obtained 
experimentally a r e l a t i o n  between s t r e s s  and s t r a i n  increments i n  t h e  
f 01 lowing way : 
where a l l  s t r a i n s  and s t r e s s e s  a r e  defined i n  sec t ions  2.2 and 2.3. 
The v a l i d i t y  of Rowets theory is  t e s t e d  i n  Fig. 5.6 by p l o t t i n g  
Q versus 1 - dsv/dsl i n  t h e  special  case of the  loose and dense 
Sacramento River sand subjected t o  drained t e s t s  a t  d i f f e r e n t  confining 
pressure. I n  s p i t e  of a not iceable  sca t t e r ing ,  p a r t i a l l y  due t o  f i n i t e  
increments of s t r a i n ,  dsl and ds,, the  experimental po in t s  tend t o  l i e  
on a s t r a i g h t  l i n e ,  a s  indica ted  i n  r e l a t i o n  (5.14). Fran Fig. 5.6 and 
r e l a t i o n  (5.14) t h e  average angle of f r i c t i o n  d i s  found eq-1 t o  32' 
Cc 
f o r  t h i s  s o i l .  
8' 
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F i g .  5 . 6 .  Rowe's s t r e s s - d i l a t a n c y  theory appl ied  t o  drained t e s t s  w i t h  
constant  conf in ing  pressure  performed on the  Sacramento River 
sand. 
a )  l o o s e  sand 
b) dense sand. 
Within t h e  context of p l a s t i c i t y  theory, i f  the  e l a s t i c  s t r a i n  
increment i s  neg l ig ib le  w . r . t .  the  p l a s t i c  one, the  r e l a t i o n  (5.14) 
indicates  t h a t  the  p l a s t i c  flow di rec t ion,  represented by del/daV, 
depends upon t h e  obl iqui ty  of the  s t r e s s  s t a t e ,  characterized by al/a3. 
For the loose and dense Sacramento River sand, contrac t ion occurs i f  the  
s t r e s s  r a t i o  a is l e s s  than 3, followed by d i l a t i o n  i f  a1/a3 i s  
g rea te r  than 3  (Fig. 5.6). This r e s u l t  agrees with Luong's character is -  
t i c  s t a t e .  
5.3.3 .b Nova's Theory (1982) 
Retaining t h e  notion of c h a r a c t e r i s t i c  s t a t e  and t h e  dependence 
of p l a s t i c  flow d i r e c t i o n  on t h e  s t r e s s  obl iqui ty ,  Nova (5.17) proposed 
a  d i f f e r e n t  s tress-dilatancy theory based on the  experimental work by 
Strond [5.261, and defined a s  follows: 
This r e l a t i o n  i s  not  s a t i s f a c t o r y  f o r  the  i s o t r o p i c  s t a t e  (q=O) since i t  
p r e d i c t s  a  p l a s t i c  dev ia to r i c  s t r a i n .  I n  order t o  correc t  t h i s  
deficiency,  Nova a s s m e s  t h a t ,  fo r  low values of the  r a t i o  3 the 
s t ress-di la tancy i s  governed by another equation: 
where the constant  a i s  found by assuming a smooth t r a n s i t i o n  between 
r e l a t i o n s  (5.15) and (5.161, 
M This t r a n s i t i o n  i s  reached when t h e  r a t i o  9 i s  equal t o  1. 
P 
Nova's s t r e s s d i l a t a n c y  theory i s  checked by p lo t t ing  i n  Fig. 5.7 
t h e  r a t i o  det/ds: versus q = q/p f o r  the dense Sacramento River 
sand. A l l  r e s u l t s  a r e  obtained by a special  computer code E5.21, 
which uses t h e  following technique. After  se lec t ing  the  e l a s t i c  model 
i n  sec t ion  5.2.2, the  incremental e l a s t i c  response dae,dee i s  ca lcula ted  
v q 
f o r  the f i n i t e  s t r e s s  increment dp, dq which connects two successive 
experimental s t r e s s  s t a t e s .  Then the  p l a s t i c  s t r a i n  increments d~!r d s i  
a r e  obtained by sub t rac t ion  of the  ca lcula ted  e l a s t i c  s t r a i n  increment 
from the t o t a l  s t r a i n  increment drvD daq which r e l a t e s  two successive 
recorded s t r a i n  s t a t e s  E, a Therefore the  r a t i o  dav/daq i s  ava i l ab le  P' 
a s  a funct ion of t h e  r a t i o  q = q/p. 
The important sca t t e r ing  i n  Fig. 5.7 i s  p a r t i a l l y  due t o  the  sparse 
recordings of t h e  s t r a i n  and s t r e s s  s t a t e s  p, q, and E a which 
v* q* 
produce too l a rge  s t r a i n  o r  s t r e s s  increments between two successive 
s t a t e s .  It i s  a l s o  p a r t i a l l y  caused by the  e l a s t i c  model se lec ted  i n  
sec t ion  5.2.2. However, bearing i n  mind these sources of e r ro r s ,  
Fig. 5.7 shows t h a t  da;/dsP depends upon t h e  r a t i o  q and t h i s  i s  notice- 9 
able f o r  any type of t e s t s ,  drained o r  =drained, a t  any confining pres- 
sure. I n  Fig. 5.7bD during t h e  undrained t e s t s  (constant  volume), the  
Fig .  5 . 7 .  D i rec t i on  of  p l a s t i c  f low,  represented by deP/dsP versus the 
r a t i o  q during d i f f e r e n t  t e s t s  on the dense ~ a c r i e n t o  River 
sand. 
a)  drained t e s t s  a t  constant confining pressure 
b) undrained t e s t s  a t  constant t o t a l  confining pressure.  
quanti ty dsP/deP i s  always pos i t ive  and smaller than during drained 
v q 
t e s t s  (Fig. 5.7a). This discrepancy r e s u l t s  from the  e l a s t i c  model; 
during an  undrained t e s t ,  i n  order t o  keep t h e  volume constant,  the  
p l a s t i c  volumetric s t r a i n  i s  equal but opposite t o  t h e  e l a s t i c  
volumetric s t r a i n .  Fran Fig. 5.7, f o r  low values of q, da:/daP i s  
4 
pos i t ive  ( the  sand con t rac t s ) .  When q exceeds some f ixed  value close t o  
1.4. de:/dsP becomes negative ( t h e  sand d i l a t e s ) .  After reaching a 
4 
minimum negative value, dsf/deP increases  back t o ,  and s tops  f i n a l l y  a t  
4 
zero  ( c r i t i c a l  s t a t e ) .  From Fig. 5.7a, the branch, along which deP/deP 
v q 
decreases i s  d i f f e r e n t  from the  branch where i t  increases  back t o  zero. 
This nowrevers ib le  phenomenon i s  c e r t a i n l y  due t o  l o s s  of measurement 
accuracy fo r  l a r g e  deformation. 
I n  summary, r e l a t i o n s  (5.15) and (5.16) describe qua1 i t a t i v e l y  the  
d i r e c t i o n  of the  p l a s t i c  flow shown i n  Fig. 5.7; however, the  sca t t e r ing  
of the experimental r e s u l t s  prevents us from ca lcu la t ing  the  values f o r  
p and M of r e l a t i o n  (5.15). 
5.3.4 Def in i t ion  of the  New Bounding Surface 
So f a r ,  from the  review of the  c r i t i c a l  s t a t e ,  c h a r a c t e r i s t i c  
s t a t e  and t h e  s t r e s s d i l a t a n c y  theor ies ,  some cons t ra in t s  have been 
imposed on t h e  p l a s t i c  flow di rec t ion.  These r e s t r i c t i o n s  a r e  smn- 
marized i n  Table 5.4 by using t h e  un i t  vector ,  with components n and 
P 
n co l l inea r  t o  t h e  p l a s t i c  flow. Also from the  experimental r e s u l t s  P 
on t h e  Sacramento River sand (Fig. 5.41, no di f ference  appears between 
t h e  c r i t i c a l  and t h e  c h a r a c t e r i s t i c  s t a t e s .  For convenience, and 
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TABLE 5.4 SUMMARY OF CONTWAINTS ON THE DIRECTION OF PLASTIC FLOW 
T r a n s l a t i o n  i n  
E l a s t i c - P l a s t i c  Terms 
i f  9 = I * ~  o r  M * ~ ,  
P  
then n  = 0 and n  = 1 
P 9 
no cond i t i on  on H 
i f  M * ~  < < M * ~ ,  
P 
then  n  > 0 
P 
i f  9 < M * ~  o r  9 > M * ~ ,  
P  P  
then  n  < 0 
P 
i f  = M o r  Dlo. 
P C 
then  n  = 0 and n  = 1 
P  q  
- 
H = O  
n  and n  a r e  func t ions  of 9 
P  9  P  
Nature of 
Cons t ra in t  
A t  t h e  c h a r a c t e r i s t i c  
s t a t e  ( r e l a t i o n  5.13) 
t h e  p l a s t i c  vo lumetr ic  
s t r a i n  deP equals  zero.  
v  
I n  t h e  s u b c h a r a c t e r i s t i c  
P  domain, de i s  p o s i t i v e  
v  ( c o n t r a c t i n g ) .  
- 
I n  t he  supercharac te r i s -  
t i c  domain, deP i s  
nega t ive  ( d i l a x i n g )  . 
A t  t he  assymptot ic  c r i t -  
i c a l  s t a t e  ( r e l a t i o n  
5 .Ill ,  the  p l a s t i c  
vo lumetr ic  s t r a i n  de P  
v 
equa l s  zero,  and 
t h e  p l a s t i c  d e v i a t o r i c  
s t r a i n  deP i s  i n f i n i t e  
q  
The p l a s t i c  flow d i r ec -  
t i o n  depends on the  
s t r e s s  o b l i q u i t y ,  i. e., 
9. 
P 
-, 
-. 
Orig in  of 
Cons t ra in t  
S t a t e  
C r i t i c a l  
S t a t e  
S t ress -  
d i l  atancy 
invoking the  d i f  f i c u l t y  of defining accura te ly  both s t a t e s ,  the  c r i t i c a l  
and the  c h a r a c t e r i s t i c  s t a t e s  a r e  assumed t o  coincide i n  the  p-q space, 
i .e . ,  r e l a t i o n s  (5.13) and (5.11) a r e  iden t i ca l .  
I n  conclusion, from the  experimental observations on t h e  Sacramento 
River sand and from the  l i t e r a t u r e  review, the  u n i t  vector  normal t o  t h e  
bounding surface obeys t h e  following r u l e :  when q i s  pos i t ive ,  the  
component n i s  pos i t ive ,  zero, or negative depending on whether the 
P 
r a t i o  9 is  respec t ive ly  smaller than Mc, equal t o  Mc, o r  l a r g e r  than Mc; 
P 
when q i s  negative,  the  same r e s u l t  holds f o r  n by subs t i tu t ing  Me f o r  P 
Since the  r a t i o  is  only a funct ion of the  r a t i o  the  following 
n 
9 
equation i s  obtained 
which r e s u l t s  from equation (3.72). The bar  added t o  dp and dq r e f e r s  
t o  t h e  image point  ly ing on t h e  bounding surface. I n  order t o  solve the  
equation (5.18), a  r e l a t i o n  between t h e  image and s t r e s s  s t a t e  must be 
speci f ied ,  One such a r u l e  i s  r a d i a l  mapping, which i s  speci f ied  i n  
r e l a t i o n  (4.6) .  and becomes here  
where x i s  sca lar .  When se lec t ing  such a mapping, the  equation (5.18) 
becomes hmogeneous, and may be solved t o  give the  bounding surface 
equation. However, according t o  t h e  experimental sca t t e r ing  observed i n  
Fig. 5.7, the  funct ion k] i s  d i f f i c u l t  t o  define. The following 
q 
a l t e r n a t i v e  approach i s  the re fo re  preferred. 
Keeping t h e  r a d i a l  mapping, a s  enunciated i n  r e l a t i o n  (5.191, a 
simple surface, with a su i t ab le  normal, i s  chosen. Composed of por t ions  
of e l l i p s e s ,  it i s  described by the  following equations: i f  M i s  
(contrac t ing domain), 
and i f  141 > M;, ( d i l a t i n g  domain), 
where )I i s  equal t o  M o r  Me, depending on whether < is  pos i t ive  or C 
negative. P lo t t ed  i n  Fig. 5.8 t h i s  surface has  a general equation 
From the  r e l a t i o n s  (5.19) and ( 5 . 2 0 ~ )  t h e  s t r e s s  s t a t e  and t h e  
image po in t s  a r e  r e l a t e d  such t h a t :  
F i g .  5 . 8 .  The bounding surface  i n  the  p-q space.  
where y is  found by solving t h e  following equation: 
f(yA* yA ,A,M.a,p) = 0 
The equation (5.22) y ie lds  t h e  following r e s u l t s  
and i f  Iql > Mp, 
where 
Y = 2 ( a-z) 
a+( a-2) z 2 
The distance 6 ,  connecting t h e  s t r e s s  s t a t e  and t h e  image point ,  i s  
given a s  follows 
8 = [(p-;12 + (q-<12 y 
and, by using t h e  r e l a t i o n s  (5.211, i t  becomes 
The un i t  vector  normal t o  t h e  bounding surface a t  the  image point  
i s  calculated from (3.571, (5.20) and (5.231, i n  the  d i l a t i n g  domain t o  
have components 
where 
and i n  t h e  contrac t ing domain 
where 
The Parameter M e , l c  define the  contrac t ing and d i l a t i n g  domain. The 
d i r e c t i o n  of p l a s t i c  flow i s  governed by two parameters: one i n  the  
contract ing domain, p ,  and another i n  the  d i l a t i n g  domain, a. The 
parameter A, which con t ro l s  t h e  s i z e  of the  bounding surfaoe,  does not 
a f f e c t  t h e  p l a s t i c  flow d i rec t ion ,  
The q u a n t i t i e s  n  /n ca lcula ted  from r e l a t i o n s  (5.251, (5.261, a r e  P  Q' 
p lo t ted  versus the  r a t i o  9 for  d i f f e r e n t  values of the constants  p and a 
P  
i n  Fig. 5.9. Although no perfec t  agreement between theore t i ca l  and 
experimental r e s u l t s  i s  possible,  due t o  the  sca t t e r ing  of experimental 
points ,  the p l a s t i c  flow d i r e c t i o n  predicted by the  bounding surface 
agrees with the  observed values. 
5.4 BOUNDING SURFACE MOTION 
Already p a r t i a l l y  speci f ied  by the  equations (5.20) , the motion of 
the  bounding surface i s  completed by defining an  evolution law fo r  the  
parameters M,A,p, and a. A l l  of these parameters must be regarded a s  
depending upon some in te rna l  var iables ,  which character ize  the  mater ia l  
memory. 
5.4.1 Choice of I n t e r n a l  Variables 
The i n t e r n a l  va r iab les  must always be se lec ted  with discermaent, 
since t h e i r  contr ibut ion i s  fundamental t o  a  desc r ip t ion  of the  
i r r w e r s i b l e  rheological  behavior. For convenience, only one sca la r  
in te rna l  va r i ab le  i s  chosen. A s  any sand e x h i b i t s  a  behavior strongly 
dependent on i t s  densi ty,  t h i s  va r iab le  must be r e l a t e d  t o  t h e  void 
r a t i o .  Addit ionally it must only change when p l a s t i c  flow occurs. 
Among o the r  p o s s i b i l i t i e s ,  the  p l a s t i c  void r a t i o  eP i s  retained.  It i s  
defined 

where e i s  t h e  t o t a l  void r a t i o ,  and ee the  e l a s t i c  void r a t i o ,  which 
depends only upon t h e  se lec ted  e l a s t i c  model and t h e  present s t r e s s  
s t a t e  i n  t h e  following way 
where eo i s  t h e  i n i t i a l  void r a t i o .  
The p l a s t i c  void r a t i o  eP and t h e  p l a s t i c  volumetric s t r a i n  e: a r e  
r e l a t e d  a s  fol lows 
Other i n t e r n a l  va r i ab les  may be added t o  represent  the  mater ia l  
memory i n  more d e t a i l ;  f o r  instance,  a  second var iab le  i s  defined l a t e r  
t o  describe the  cyc l i c  behavior. 
5.4.2 Motion of t h e  Bounding Surface 
I n  order  t o  describe the  bounding surface motion, the  r e l a t i o n s  
of the va r iab le  eP with the o the r  parameters M, p,a,A m a s t  be specif ied.  
From experimental observations on t h e  d i r e c t i o n  of p l a s t i c  flow, and f o r  
s impl ic i ty ,  M, p and a a r e  assumed t o  be constant.  The only va r iab le  
l e f t  t o  depend on eP i s  t h e  parameter A; i t s  r e l a t i o n  with eP i s  p a t  
t i c u l a r  when t h e  s t r e s s  s t a t e  reaches the  c r i t i c a l  s t a t e .  A t  t h i s  
s tage,  the s t r e s s  s t a t e  has reached i t s  bound, and from r e l a t i o n  (5.11) 
and Fig. 5.8, it l i e s  on t h e  summit of the  bounding surface located  a t  
A, MA. Since the  void r a t i o ,  and t h e  s t r e s s  do not change, by invoking 
r e l a t i o n  (5.271, the  p l a s t i c  void r a t i o  remains a l s o  constant ,  and has a  
c r i t i c a l  s t a t e  of i t s  own, which i s  described by a  r e l a t i o n  s imi lar  t o  
the  r e l a t i o n  ( 5 . 1 1 ~ ) :  
where r and A a r e  two mater ia l  constants ,  d i f f e r e n t  from the  constants  P  P  
r and A defined i n  ( 5 . 1 1 ~ ) .  
Using t h e  nonlinear e l a s t i c  model defined i n  sec t ion  5 .I, from 
Tables 5.3, the  q u a n t i t i e s  eP a r e  ca lcula ted  a t  the  c r i t i c a l  s t a t e  f o r  
the  dense Sacramento River sand and p lo t t ed  versus  t h e  mean pressure A 
i n  Fig. 5.10. By applying a  l i n e a r  regress ion ana lys i s  t o  the  experi- 
mental po in t s  of Fig. 5.10, the  following r e s u l t s  were obtained: rP = 
0.88 and A = 0,083. 
P  rp and Ap d i f f e r  only s l i g h t l y  from r , ~  defined 
f o r  the c r i t i c a l  s t a t e ,  since ee may be neglected compared t o  eP. 
By ex t rapo la t ion  r e l a t i o n  (5.291, which m a s t  hold i n  p a r t i c u l a r  a t  
the  c r i t i c a l  s t a t e ,  is assumed t o  be always s a t i s f i e d .  This r e l a t i o n  
descr ibes  f u l l y  t h e  i s o t r o p i c  motion of the  bounding s w f  ace. 
5  .5 AMPLITUDE- OF PLASTIC FLOW 
Once the  bounding surface equation and a  mapping r u l e  a r e  defined, 
the  p l a s t i c  flow d i r e c t i o n  i s  known. I ts  amplitude needs t o  be 
speci f ied  by t h e  modulus H a s  a  funct ion of two var iables :  t h e  distance 
6 and t h e  modulus Hg,  The p l a s t i c  modulas HB i s  defined a n a l y t i c a l l y  
from the  equation and motion of the  bounding surface by applying t h e  
Fig .  5 .10.  C r i t i c a l  s t a t e  f o r  dense Sacramento River sand represented 
by p l a s t i c  vo id  r a t i o  eP versus  mean pressure p. 
consistency condition. The r e l a t i o n  between H, Hg and S is  determined 
f i r s t  by ca lcu la t ing  t h e i r  respective values during drained and 
undrained t e s t s ,  then by f i t t i n g  these values with appropriate dimen- 
s ion less  quan t i t i e s .  
5.5.1 P l a s t i c  ModUlUs % on Bounding Surface 
- 
The bounding surface depends only upon one in te rna l  var iable ,  ep, 
which i s  r e l a t e d  t o  t h e  p l a s t i c  volumetric s t r a i n  eP through (5.31). 
v 
Since the  r e l a t i o n s  (4.4) and (3.60) a r e  s a t i s f i e d ,  the  p l a s t i c  modulus 
&B, evaluated a t  t h e  image s t r e s s ,  i s  given by 
The p a r t i a l  de r iva t ive  af is  ca lcula ted  e a s i l y  from (5.28) and 
ap 
(5.29) . Since A, t he  measure of the  bomding surface s ize ,  i s  t h e  only 
var iable  parameter i n  (5.20) 
According t o  t h e  expressions (5.25), (5.30) and (5.311, t h e  p l a s t i c  
modulus &B i s  expressed 
where y and z a re  given by t h e  r e l a t i o n s  (5.23). 
The modulus % depends on the  s t r e s s  ob l iqu i ty ,  represented by z 
( 5 . 2 3 ~ ) ~  and on A, the  bounding surface size.  A dimensionless p l a s t i c  
modnlus~ denoted by % and r e l a t e d  only t o  z ,  i s  defined a s  follows: 
- % i s  represented i n  Fig. 5.11 versus z fo r  d i f f e r e n t  va lues  of the  
- 
parameters p and a. % is  maximum and equal t o  p f o r  the  i s o t r o p i c  
s t r e s s  s t a t e  (z=O), goes through ze ro  a t  the  c r i t i c a l  or  c h a r a c t e r i s t i c  
s t a t e  (z=1), reaches a negative minimum vallxe, then f i n a l l y  increases  t o  
zero when z becomes equal t o  a. 
5.5.2 Relat ion Between P l a s t i c  Moduli H and% and Distance 6 
- 
I n  order t o  examine t h e i r  i n t e r r e l a t i o n ,  the  parameters H, 5 and 
6 a re  ca lcula ted  from d i s c r e t e  experimental da ta  po in t s  recorded during 
the  drained and undrained t e s t s  on t h e  Sacramento River sand. These 
ca lcu la t ions  a r e  performed by the  computer code s o i l  15.21. The p l a s t i c  
s t r a i n  increments dep, deP between two successive s t r e s s  and s t r a i n  
V 4 
s t a t e s  a r e  defined a s  i n  sec t ion  5.2.3b. A t  a s t r e s s  s t a t e  represented 
by p,q, with i t s  succeeding increment of s t r e s s  dp, dq, the p l a s t i c  
modulus H may be ca lcu la ted  from r e l a t i o n s  (5.9) 
- 
F i g .  5 . 1 1 .  Normalized p l a s t i c  modulus H versus  the  r a t i o  z f o r  
d i f f e r e n t  v a l u e s  o f  p and a 8~~=1.4). 
Since % and 6  a r e  known from the  r e l a t i o n s  (5.30) and (5.24). a l l  th ree  
q n a n t i t i e s  H, % and 6  may be ca lcula ted  simultaneously a t  any moment of 
an experiment. I n  order t o  exh ib i t  a  r e l a t i o n  between H, Ellg and 6,  
a f t e r  several t r i a l s ,  the d i f ference  a-5 i s  p lo t t ed  versus  t h e  distance 
6  i n  Fig. 5.12a and 5.12b, i n  t h e  respect ive  case of drained and 
undrained t e s t s  performed a t  d i f f e r e n t  confining pressures. According 
t o  Fig* 5-12, the  q w n t i t ~  e E B  i s  always pos i t ive  when 6  is pos i t ive ,  
and tends monotonically towards zero  when 6  goes t o  zero. Consequently, 
l i k e  Dafal ias and Herrmann 15.71, the  following r e l a t i o n  i s  suggested. 
where the  func t ion  h(6)  must s a t i s f y  the  following cons t ra in t s :  
h(6)  = 0 , when 6 4  (5.36b) 
h(6)  l a rge  , when6 is large  ( 5 . 3 6 ~ )  
h (6 )  is a  continuous funct ion of 6  (5.368) 
The f i r s t  two c o n s t r a i n t s  come from the  previous observations of 
Fig. 5-12. The t h i r d  r e s t r i c t i o n  enforces t h e  mater ia l  response t o  be 
e l a s t i c  f a r  away from the  b o n d i n g  surface.  Final ly ,  the  l a s t  
Fig .  5 . 1 2 .  Values o f  H - 5  versus the d i s tance  6 ca l cu la t ed  from experi- 
mental t e s t s  on the dense Sacramento River sand. 
a) undrained t e s t s  a t  constant t o t a l  confining pressure 
b) drained t e s t s  a t  constant confining pressure.  
c o n s t r a i n t  g ives  a  continuous t r a n s i t i o n  from pure ly  e l a s t i c  t o  e l a s t i c -  
p l a s t i c  response. F r m  r e l a t i o n s  (5.35) ,  (5.36) and Fig. 5.11, t h e  
p l a s t i c  modulus H i s  i n  agreement wi th  the  c o n s t r a i n t s  mentioned i n  
Table 5.4. When t h e  s t r e s s  s t a t e  i s  l oca t ed  on t h e  c h a r a c t e r i s t i c  s t a t e  
( r e l a t i o n  5.13 o r  5 . 1 1 ,  t h e  d i s t ance  6 i s  d i f f e r e n t  from zero:  t h e  
p l a s t i c  modulus H i s  d i f f e r e n t  from ze ro  whereas 5 equals  zero. When 
t h e  s t r e s s  s t a t e  reaches  t h e  c r i t i c a l  s t a t e ,  t h e  d i s t ance  S equals  zero :  
bo th  H and % a r e  equal t o  zero.  I n  add i t i on ,  t he  r e l a t i o n s  (5.35) and 
(5.36) con t ro l  t h e  s t rain-sof  t en ing  e f f e c t .  This  l a s t  phenomenon, 
i n i t i a t e d  when t h e  p l a s t i c  modulus H becomes negat ive ,  can only  occur i n  
t h e  d i l a t i n g  domain, where % i s  negat ive.  It cannot occur i n  t h e  
con t r ac t ing  domain. 
The previous  general  r e l a t i o n s  between H, 5 and 6 may be d e t a i l e d  
- 
by introducing t h e  dimensionless  q u a n t i t i e s  and g. H, t h e  normalized 
- 
p l a s t i c  modulus, i s  def ined  a s  EB i n  r e l a t i o n  (5.36). 8. which i s  
c a l c u l a t e d  s imultaneously with 8, % and 6 i s  represented  ve r sus  t h e  
r a t i o  r\ = 9 i n  Fig.  5.13a and 5.13b f o r  dra ined  and undrained t e s t s  a t  
P 
d i f f e r e n t  conf in ing  pressures .  From Fig. 5.13, fi depends on q.  
The normalized d i s t ance ,  denoted x;;, i s  def ined  a s :  
6 g = -  
S (5.37a) 
max 
where Smax, maximmn d i s t ance  between any s t r e s s  s t a t e  and image poin t ,  
i s  t h e  d i s t ance  between t h e  o r i g i n  of s t r e s s  and t h e  image. 
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Fig .  5 . 1 3 .  Normalized p l a s t i c  modulus H versus the r a t i o  q ca l cu la t ed  
from experimental t e s t s  on the dense Sacramento River sand. 
a )  undrained t e s t s  a t  constant t o t a l  confining pressure 
b) drained t e s t s  a t  constant confining pressure.  
According t o  (5.2&), the normalized distance can be expressed a s  
where y i s  given by (5.23) and A i s  t h e  bounding surface size.  The 
s t r e s s  s t a t e s  corresponding t o  t h e  same g belong t o  a surface,  which i s  
homothetic t o  and smaller  than t h e  bounding surface. 
For simp1 i c i t y ,  the  va r iab les  'I; and q a r e  asslnned t o  have separate 
e f f e c t s  on t h e  func t ion  h ( 6 ) .  Then, a f t e r  the  normalization speci f ied  
i n  (5.331, the  r e l a t i o n  (5.35) becomes 
where the  func t ions  a ( q )  and b(g) describe the  separate influence of q 
and 6 on t h e  modulus g. 
According t o  Fig. 5.13, the  funct ion a ( q )  must decrease when q 
increases.  Af ter  several  t r i a l s ,  the  following form was re ta ined:  
where a Owal, and q a r e  th ree  mater ia l  constants. This a r b i t r a r y  rela- 
P 
t i o n  has been se lec ted  mainly f o r  one reason: i t  describes a wide range 
of v a r i a t i o n s  from a maximum value t o  a zero  value,  when t h e  parameters 
aowal and qp vary. Such a general va r i a t ionmay  be appreciated from 
Fig. 5.14, where a(q) /aO has been p lo t t ed  versus  q h p  f o r  d i f f e r e n t  
values of al. The parameter al o f f e r s  d i f f e r e n t  types of continuous 
Fig.  5 . 1 4 .  Function a (q)  represented by a (q)/a0 versus the quantity 
for  di f ferent  values of al.  
P 
-b 1 - Fig.  5 . 1 5 .  Function 6 versus S for di f ferent  values of b 1 ' 
decrease f o r  a (q )  , and i s  se lec ted  i n  an  a r b i t r a r y  way. The constant a  0  
maximum value f o r  a ( q ) ,  i s  chosenfrom i so t rop ic  t e s t  since a(0)  i s  
equal t o  ao. The constant  q fo r  which a(q 1 equals  zero, i s  r e l a t e d  
P ' P 
t o  the  peak f a i l m e  s t r e s s -  Ip i s  l a r g e r  than or  equal t o  t h e  c r i t i c a l  
s t a t e  slope, M, depending on whether or  not s train-softening i s  present.  
For the  dense Sacramento River sand, which exh ib i t s  strain-sof tening 
during drained t e s t s ,  the  constant q  has been selected,  by t r i a l  and P 
e r r o r ,  so  t h a t  the  predicted peak values a r e  close t o  the  experimental 
values: \ = 2. The constant ao, independent from al and qp has been 
chosen so t h a t  predicted and experimental i so t rop ic  t e s t s  a r e  close 
enough: a. = 6 ,  Fina l ly  a1 i s  a r b i t r a r i l y  selected:  a1  = 2. 
The func t ion  b('T;), which character izes  t h e  dependence of if upon 
i n  r e l a t i o n  (5.38), i s  assumed t o  have the following composite form: 
where bl and b2 a r e  two mater ia l  constants ,  He(x) i s  the  Heaviside fnnc- 
- 
t i o n  and Smin i s  a  new in te rna l  var iable .  Only helpful  fo r  cyc l i c  
- 
1 oading, Smin represen t s  t h e  smallest  normalized dis tance  6 which has  
been reached during t h e  pas t  loading h i s to ry .  A s  r e l a t i o n  (5.891, rela-  
t i o n  (5.40) has  been se lec ted  t o  be a s  general a s  possible,  e spec ia l ly  
-bl 
regarding t h e  f i r s t  term 6 . During any monotonic loading, i s  equal 
t o  gmin: The Heaviside func t ion  vanishes. I n  t h i s  eventually,  the  func- 
-bl t i o n  b(g) becomes equal t o  6  and has  been p lo t t ed  i n  Fig. 5.15 f o r  
d i f f e r e n t  values of bl varying from 0.1 t o  10. Frau Fig. 5.15, the 
-bl 
Parameter bl g ives  d i f f e r e n t  aspects  t o  the  funct ion 6 For the  dense 
Sacramento River sand, the  constant  bl was fomd,  by t r i a l  and e r ro r ,  i n  
order t o  f i t  the  drained t e s t s :  bl = 1, 
The add i t iona l  term of r e l a t i o n  (5.40). depending upon gin and b2, 
con t ro l s  a r b i t r a r i l y  the  amount of p l a s t i c  s t r a i n  created during c y c l i c  
- 
loadings. When 6 becomes l a r g e r  than timin, the  fanc t ion  b(g) t akes  
l a r g e r  values control led  by the  parameter b2, which implies a l a r g e r  
p l a s t i c  modulus and consequently l e s s  p l a s t i c  s t r a i n .  For the  dense 
Sacramento River sand, b2 was estimated i n  order t o  approximate the  
p l a s t i c  s t r a i n  generated during cyc l i c  i s o t r o p i c  loading: b2 = 8, The 
const ant  b2, has  an  e f f e c t  on t h e  predicted response only f o r  cyc l i c  
loadings, not f o r  monotonic loadings. 
T r i a l  and e r r o r  computations a r e  required t o  specify the  constants  
ao,alrqp,bl, and b2. The r e l a t i o n s  ( 5 . 3 9 )  and (5.40) a r e  the  weakest 
po in t s  of the  theory and need t o  be improved i n  the  fu ture .  
5.6 MODEL CONSTANTS 
A l l  t he  mater ia l  constants  necessary t o  specify a mater ia l  response 
a r e  summarized i n  Table 5.5. The values  given i n  Table 5.5 a r e  obtained 
f o r  the  dense Sacramento River sand. The mater ia l  constants  a r e  divided 
i n t o  four d i f f e r e n t  groups, which character ize  separa te ly  p a r t i c u l a r  
aspects  of the  mate r i a l  response. 
TABLE 5.5 MATERIAL CONSTANTS AND NUMeBICAL VALUES FOR DENSE SACBAMENTO W E 3 1  SAND 
I 
Notation 
Bo 
n 
VO 
P 
a 
'lP 
SP 
Mc 
'e 
a0 
a1 
'' P 
bl 
b2 
Meaning 
E l a s t i c  Constants 
Bulk modnlns cons tan t  
Bnlk modnlns constant  
Constant Poisson's r a t i o  
Di rec t ion  of P l a s t i c  Flow. Bonndina Surface  
Aspect r a t i o  of e l l i p s e  i n  con t rac t ing  domain 
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2 C r i t i c a l  p l a s t i c  vo id  r a t i o  f o r  u n i t  p re s su re  (kg/cm ) 
Slope of c r i t i c a l  s t a t e  t i n e  i n  eP-fnp plane 
Slope of c r i t i c a l  s t a t e  f o r  p o s i t i v e  d e v i a t o r i c  s t r e s s  
Slope of c r i t i c a l  s t a t e  f o r  n e s a t i v s  d e v i n t o r i c  s t r e s s  
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Dependence of H on q 
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Depencence of H on 8 
Depencence of on 
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5.4.2 
5.4.2 
5.3.1 
5.3.1 
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5.5.2 
5.5.2 
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0.47 
0.2 
3 
2 
0.883 
0.0832 
1.4 
1.4 
6 
2 
2 
1 
8 
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kg/cm 
2 
Dimension1 e s s  
The f i r s t  group, composed of BOD n, VO,  represents  t h e  e l a s t i c  
contr ibut ion t o  t h e  t o t a l  e l as t i c -p las t i c  response. Bo and n  a r e  
ca lcula ted  by f i t t i n g  t h e  unloading response during an i s o t r o p i c  t e s t  
( s e c t i o n  5.2.3). Po i s  a r b i t r a r i l y  chosen equal t o  a n  admissible value, 
about 0.2 or  0.3. 
The second group, const i tu ted  by p and a ,  character izes  t h e  p l a s t i c  
flow d i r e c t i o n  i n  t h e  contract ing and t h e  d i l a t i n g  domains respect ively ,  
They define the  bounding surface shape by giving t h e  aspect r a t i o  of the 
e l l i p s e  i n  t h e  contract ing domain and the  slope of the  e l l i p s e  i n  the  
d i l a t i n g  domain a t  the  o r i g i n  of s t r ess .  p and a  a r e  estimated by 
comparing t h e  predicted flow d i r e c t i o n  of Fig. 5.9 with the  experimental 
flow d i r e c t i o n  a s  shown i n  Fig. 5.7. 
The t h i r d  g o  made up of rp, b, Mc and Me, represents  t h e  
c r i t i c a l  s t a t e ,  coincident  with the  c h a r a c t e r i s t i c  s t a t e .  Mc and Me 
define not only t h e  r e l a t i v e  s i z e  of the  contract ing and d i l a t i n g  
domains, but a l s o  t h e  c r i t i c a l  s t a t e  l i n e s  f o r  pos i t ive  and negative 
devia tor ic  s t r e s s .  M and Me a r e  ca lcula ted  a s  i n  sec t ion  5.3 .I. 
C fP 
and 5 specify the  l o c a t i o n  of the  c r i t i c a l  s t a t e ,  and t h e  motion of the  P  
bounding surface; they a r e  estimated a s  i n  sec t ion  5.4.1. 
The four th  and l a s t  s e t  of model constants. aO, al, qp, bl and b2 
de f ines  the  r e l a t i o n  between t h e  p l a s t i c  moduli H, 5 and t h e  distance 
6 .  The constants  aO, al, ip represent  t h e  dependence of H upon t h e  
r a t i o  q l p  and a r e  estimated by t r i a l  and e r r o r  a s  i n  sec t ion  5.5.2. The 
constants  bl and b2 def ine  the  influence of the  distance S upon the  
p l a s t i c  moduli H. They a r e  a l s o  evaluated by t r i a l  and e r r o r  a s  i n  sec- 
t i o n  5.5.2. 
A l l  the  ca lcu la t ions  of the  model constants  have been performed i n  
Chapter V fo r  the  p a r t i c u l a r  case of the  dense Sacramento River sand. 
They may be repeated f o r  any other  sand. 
5.7 THEORY VERSUS EXPERIMENT 
The new c o n s t i t u t i v e  r e l a t i o n s  were implemented i n  t h e  i n t e r a c t i v e  
computer code s o i l  15-21 i n  order t o  simulate numerically i so t ropic ,  
drained and andrained shear t e s t s  f o r  d i f f e r e n t  confining pressures  
given i n  Table 5.6. To each loading t h e r e  corresponds a cons t ra in t  on 
s t r e s s  o r  s t r a in .  For the  i s o t r o p i c  t e s t ,  the  dev ia to r i c  s t r e s s  q 
equals  zero. For t h e  drained t e s t s ,  the  confining pressure  i s  f ixed,  
whereas f o r  the  undrained t e s t s  t h e  volumetric s t r a i n  remains equal t o  
zero. Each cons t ra in t  transforms t h e  incremental cons t i tu t ive  rela-  
t ions ,  a s  shown by r e l a t i o n  (3.59), i n t o  a system of n o w l i n e a r  ordinarv 
d i f f e r e n t i a l  equations, which was in tegra ted  s t e p  by s t e p  by the  
i n t e r p o l a t i o n  method introduced by B u r l  ish and S toer  15.31 . 
For an i s o t r o p i c  t e s t ,  t h e  inctementing va r iab le  i s  the  mean pres- 
sure  p, while, fo r  drained and undrained shear t e s t s ,  the  a x i a l  s t r a i n  
s i s  preferred  i n  order  t o  describe a poss ib le  strain-softening.  The 1 
increment values, r e spec t ive ly  equal t o  0.5 f o r  the  mean pressure and 
TABLE 5 . 6  SUMMARY OF DRAINED AND UNDRAINED TESTS ON THE DENSE 
SACRAMENTO RIVER SAND 
a3 
2 (kg/cm 
1. 
3. 
6. 
10.5 
20. 
1. 
10.5 
15.1 
20.2 
29.9 
40.1 
.b 
T e s t s  
Drained t e s t s  a t  constant  
e f f e c t i v e  conf in ing  pressure  a 3 
Undrained t e s t s  a t  constant  
t o t a l  conf in ing  pressure  a 3 
0.001 f o r  the  a x i a l  s t r a i n ,  may be decreased t o  a lower value i n  order  
t o  enforce the numerical convergence. 
A l l  the  numerical s imulat ions a r e  compared i n  Fig. 5.16, 5.17 and 
5.18 with the  experimental r e s u l t s  obtained on the  dense Sacramento 
River sand. An i s o t r o p i c  t e s t  with two loading-unloading cyc les  i s  
simulated i n  Fig. 5.16. I n  con t ra s t  t o  conventional p l a s t i c  models, t h e  
new model p r e d i c t s  p l a s t i c  s t r a i n  during each reloading. The parameter 
b2 c o n t r o l s  t h i s  nonrevers ib le  c y c l i c  behavior and may be decreased i n  
order  t o  obta in  l a r g e r  p l a s t i c  volumetric s t r a i n .  Undrained t e s t s  a t  
d i f f e r e n t  confining p ressu res  a r e  simulated i n  Fig. 5.17. Although the  
predic ted  and r e a l  behavior agree q u a l i t a t i v e l y  well ,  t he  simulated pore 
pressure  a r e  too  l a rge  (Fig. 5 . 1 7 ~ ) .  This  pore pressure excess implies  
t h a t  the  e f f e c t i v e  s t r e s s  pa ths  i n  Fig. 5.17a a re  not v e r t i c a l  enough 
before  crossing t h e  c h a r a c t e r i s t i c  l i n e .  This  discrepancy may be caused 
by the  parameter p,  which de f ines  t h e  p l a s t i c  flow d i r e c t i o n  below the  
c r i t i c a l  s t a t e  l i n e .  A l a r g e r  value of p g ives  a s t r e s s  path more ver t -  
i c a l .  This  discrepancy i s  a l s o  due t o  experimental e r r o r s .  During 
undrained t e s t s ,  t he  rubber membrane, which i s o l a t e s  t h e  s o i l  sample 
from i t s  surrounding, pene t ra t e s  between t h e  sand grains.  This  penetra- 
t i o n  i s  due t o  d i f f e rence  of pressure  between the  confining pressure  and 
t h e  i n t e r n a l  pore-water pressure.  A co r rec t ion  of the  experimental 
r e s u l t s  which compensates t h e  membrane pene t ra t ion  e f f e c t  would improve 
the  agreement between theory and experiment. For the  drained t e s t s  
(Fig. 5.18), t he  theory shows a good agreement with the  experiment, 







espec ia l ly  t o  describe the  void r a t i o  (Fig. 5 . 1 8 ~ )  from i t s  i n i t i a l  t o  
f i n a l  c r i t i c a l  value. As observed experimentally, the  s t r e s s  drop 
following t h e  peak s t r e s s  become l e s s  important when t h e  confining pres- 
sure i s  increased;  f i n a l l y  the  s t r e s s e s  and volumetric s t r a i n  reach an 
asymptotic value f o r  l a rge  a x i a l  s t r a i n .  However the  simulated response 
i s  s o f t e r  than t h e  observed one, which i s  c e r t a i n l y  caused by low values 
of the  p l a s t i c  modulus H. 
I n  Fig. 5.18, the  new c o n s t i t u t i v e  model i s  compared t o  Lade's 
second model [ 5 .I01 , which c o n s t i t u t e s  a  good example of the  a p p l i c a t i o n  
of conventional p l a s t i c i t y  t o  describe the  sand behavior. The main 
change w . r .  t .  Lade's f i r s t  model presented i n  sec t ion  3.2.1 i s  a  new 
composite y i e l d  sur face ,  which i s  composed of a  cone s l i g h t l y  d i f f e r e n t  
of the o r ig ina l  y i e l d  surface and of an e l l i p t i c  cap centered on the  
hydros ta t i c  axis .  The numerical p red ic t ions ,  shown i n  Fig. 5 . 1 8 ~ ~  was 
performed with the  four t een  model cons tants  given by Lade l1.171. 
Lade's model p r e d i c t s  a  b e t t e r  response f o r  small ax ia l  s t r a i n ,  but 
f o r e c a s t s  a  continuous s t r e s s  drop a f t e r  the  maximum s t r e s s  (Fig. 5.18a) 
and a  continuous d i l a t ancy  (Fig. 5.18b). For l a rge  a x i a l  s t r a i n ,  t he  
s t r e s s  drop becomes so l a r g e  t h a t  the  dev ia to r i c  s t r e s s  becomes 
- 
negative,  and t h e  s o i l  volume keeps increas ing  t o  reach a  nonphysical 
value. 
Although the  corresponding labora tory  t e s t s  on the  Sacramento River 
sand were unavailable,  two c y c l i c  loadings were predic ted  i n  Fig. 5.19 
and 5.20. I n  Fig, 5.19, t e n  undrained cyc les  were performed wi th  the  
2 d e v i a t o r i c  s t r e s s  q  varying between 0  and 10 kg/m ; the  ca l cu la t ed  pore 
p re s su re  i nc reases  u n t i l  it reaches  a  maximum (Fig. 5 . 1 9 ~ ) ~  which 
impl ies  t h a t  t he  s t r e s s  pa th  (Fig. 5.19a) s t a b i l i z e s  i n  t h e  p-q space. 
The dense Sacramento River  sand does not  l i q u e f y  according t o  t h e  nmner- 
i c a l  s imulat ion.  For a  l a r g e r  i n i t i a l  void r a t i o ,  the  parameter b2 may 
take a  smaller  value so t h a t  t h e  e f f e c t i v e  s t r e s s  pa th  can reach the  
f a i l u r e  l i n e  ( l i q u e f a c t i o n ) .  I n  Fig. 5.20 two s e t s  of f i v e  drained 
cyc le s  a t  constant  conf in ing  p re s su re  were a l s o  predic ted .  The 
d e v i a t o r i c  s t r e s s  q  was cycled f i r s t  from 5 t o  1 0  kg/m2 i n  t h e  
s u b c h a r a c t e r i s t i c  domain, then  from 1 5  t o  20 kg/m2 i n  t h e  
s u p e r c h a r a c t e r i s t i c  domain. For t he  f i r s t  cyc l e s  s e r i e s ,  t he  ma te r i a l  
c o n t r a c t s ,  whereas f o r  t h e  second one, it  d i l a t e s .  Th i s  r e s u l t  i s  
s i m i l a r  t o  Luong's experimental r e s u l t s  presented  i n  Fig. 5.5 and could 
not  be simulated by a  convent ional  p l a s t i c  model l i k e  Lade's model s ince  
no p l a s t i c  vo lumetr ic  s t r a i n  could be c r e a t e d  by cyc le s  i n s i d e  t h e  y i e l d  
su r f  ace. Both p r e d i c t  i o n s  of dra ined  and undrained cyc l  i c  responses,  
a l though they could not  be corroborated by experimental da ta ,  a r e  
encouraging: they  r ep resen t  qua1 i t a t i v e l y  and q u a n t i t a t i v e l y  
r e p r e s e n t a t i v e  of a  dense sand behavior.  
5.8 GENERALIZATION FROM AXISYMMETRIC TO SIX-DIMENSIONAL STRESS STATE 
The new c o n s t i t u t i v e  equat ion  h a s  been cons t ruc ted  only  f o r  
axisymmetric s t r e s s  s t a t e s ,  corresponding t o  t h e  only a v a i l a b l e  t e s t  
r e s u l t s  on t h e  Sacramento River  sand. I n  o r d e r  t o  be opera t iona l  i n  a  
f i n i t e  element da t a  code, where any combined s t r e s s  s t a t e  becomes possi- 




b l e ,  the new model must be general ized t o  six-dimensional s t r e s s  space. 
This  gene ra l i za t ion  process, commonly ased i n  any mater ia l  modeling, can 
be i l l u s t r a t e d  wi th  the  t ransformation of a  surface,  which may be a  
y i e l d ,  p o t e n t i a l  o r  bounding surface,  from the  p-q space i n t o  a  
hypersurface i n  the  six-dimensional space. This example i s  ased next t o  
genera l ize  the  new model. 
5.8.1 From Surface p-q Space t o  Hyuersurface i n  Six-Dimensional 
S t r e s s  Space 
Given a surface i n  p-q space, denoted by f*(pnqrb)  = 0,  a  
hypersurface must be found such t h a t  i t s  p r o j e c t i o n  onto  t h e  p-q space 
coinc ides  wi th  the  surf ace f  *. Excluding i n  p a r t i c u l a r  the  nonisot ropic  
sur faces ,  such a s  von Mises' sur faces  not  centered on t h e  hydros ta t i c  
a x i s ,  two s p e c i f i c  c l a s s e s  of su r faces  i n  t h e  p y  space a r e  only 
extended i n t o  hypersurfaces i n  six-dimensional s t r e s s  space. This  p a t  
t i c u l a r  gene ra l i za t ion  i s  performed by c rea t ing  a n  i s o t r o p i c  sur face ,  
represented by f ( 1 ,  J,B,z) = 0,  the  p r o j e c t i o n  of which i s  t h e  surface f *  
i n  t h e  p q  space. 
The f i r s t  category comprises t h e  surf  aces  symmetric about t h e  p 
ax i s ,  which implies  t h a t ,  f o r  any p and q: 
Considering t h e  r e l a t i o n  ( 3 . 6 0 ~ ) ~  these sur faces  a r e  e a s i l y  general ized 
. . 
i n  t h e  s t r e s s  i n v a r i a n t  space i n t o  su r faces  independent of Lode's angle 
and s a t i s f y  t h e  fol lowing r e l a t i o n  
I n  a pr incipal  s t r e s s  space, such a surface i n t e r s e c t s  a  dev ia to r i c  
plane along a c i r c l e  centered on the  hydros ta t ic  axis .  For example, the 
Roscoe-Burland model 15.201 , one of the  e a r l i e s t  p l a s t i c  s o i l  models, 
has an  e l l i p t i c  y i e l d  surface (Fig. 5.21a) i n  t h e  p-q space: 
This surface i s  general ized according t o  r e l a t i o n  (5.42) such as  
and i s  represented i n  Fig. 5.21b. 
A more general category i s  composed of surfaces  which obey the  
following r e l a t i o n :  
f* (p , -q ,~ )  = f * ( p , % * ~ )  f o r  q > o  
where $ i s  a pos i t ive  sca lar .  
The symmetric surfaces ,  defined by the  expression (5.411, belong t o  
t h i s  category and a r e  obtained f o r  $ equal t o  unity.  A l l  the  surfaces 
s a t i s f y i n g  (5.45) a r e  extended i n t o  i s o t r o p i c  hypersurf aces which obey 
t h e  following r e l a t i o n  
Fig.  5 .21 .  Roscoe-Burland y i e l d  surface 
a )  in  p-q space 
b) i n  principal s t r e s s  space without influence of Lode's 
angle. 
. . 
where g(8,$) i s  a  continuous in te rpo la t ing  funct ion of Lode's angle and 
$ which obeys t h e  following cons t ra in t s :  
An example of sach a funct ion i s  given by Daf a1 i a s  and Herrmann 
t5.71. 
g(0,$)  is  represented i n  Fig. 5.22 f o r  d i f f e r e n t  va lues  of $. This 
. . 
funct ion of Lode's angle s c a l e s  t h e  r a d i a l  distance of a  point  on the  
surface t o  the  hydros ta t i c  axis .  I f  j3 i s  close t o  0.8, Fig. 5.22 
presents  some s i m i l a r i t i e s  with Fig. 3,5a, which represent  t h e  in tersec-  
t i o n  of Lade's y i e l d  surface with a dev ia to r i c  plane. 
For example, the  Roscoe-Burland model may be adapted by requiring 
t h e  following change i n  r e l a t i o n  (5.46) 
After  sach a modificat ion t h e  surface s a t i s f i e s  (5.48) where $ i s  
Me 
equal t o  c. 
C 
F i g .  5 . 2 2 .  In f luence  o f  Lode's a n g l e  i n  a  d e v i a t o r i c  p lane  on y i e l d ,  
p o t e n t i a l  o r  bounding s u r f a c e s  f o r  d i f f e r e n t  v a l u e s  o f  8 .  
The general ized surface becomes: 
If M and Me a r e  equal, the  r e l a t i o n s  (5.50) and (5.44) coincide. C 
Two p a r t i c u l a r  and simple genera l iza t ions  of surfaces i n t o  
hypersurfaces have been presented. This mathematical abs t rac t ion,  
a1 though convenient, needs t o  be corroborated by experimental investiga- 
. . 
t ions.  The influence of the  Lode's angle and t h e  isotropy assumption 
should be examined by specifying t h e  influence of the  intermediate 
pr incipal  s t r e s s  a2 and t h e  e f f e c t  of r o t a t i o n  of pr incipal  s t r esses .  
5.8.2 General izat ion of New Model 
The new model defined i n  the  p-q space must be extended t o  six- 
dimensional s t r e s s  space. Since no experimental r e s u l t  was ava i l ab le  on 
which t o  base t h i s  genera l iza t ion,  the  simplest so lu t ion  was adopted. 
The model i s  assumed t o  be i so t rop ic ,  which implies from Section (3.4) 
t h a t  i t s  six-dimensional formulation may be derived f rom st ress-  
invar iant  space. 
The r a d i a l  mapping (5.22) becomes 
T = X I  
- - -  
where I,J,8,I, J,8 rep resen t  r e s p e c t i v e l y  t h e  i n v a r i a n t s  of t h e  image 
s t r e s s  and s t r e s s  s t a t e ,  and x i s  given by solving t h e  fol lowing equa- 
t i o n  
- - 
The bounding sur face ,  denoted f  ( I  , J ,8)  = 0 and o r i g i n a l l y  described 
by the  r e l a t i o n  (5.201, becomes according t o  (5.46) 
- 
L 
a a -  - 3 1 2  + ( - 2 )  + A - ( a - 1 ) ~ ( 3 ~ ) ~  , J > N I  (5.53b) 
where 
and 
and g(%,$) i s  given by (5.51). 
The r e l a t i o n  (5.39) t ransforms in to :  
where 
A l l  o ther  useful  r e l a t i o n s  i n  the  s t r e s s  invar ian t  space a r e  e a s i l y  
derived by using t h e  expressions (3.60) . The f  ina l  expressions (3.41) 
r e l a t i n g  t h e  p l a s t i c  s t r a i n  increment and t h e  s t r e s s  increment may be 
ca lcula ted  from the  p a r t i a l  de r iva t ives  - obtained by using (3.58) a a 
i j 
and d i f f e r e n t i a t i n g  (5.53).  Therefore, the  new model i s  formulated i n  
six-dimensional s t r e s s  space. 
CHAPTER V I  
CONCLUSIONS 
I n  the  pas t  twenty years ,  the r ep resen ta t ion  of rheological  s o i l  
behavior through c o n s t i t u t i v e  equations has been gaining so much 
i n t e r e s t  among researchers  and p rac t i c ing  engineers  t h a t  i t  has crea ted  
a new branch i n  s o i l  mechanics. With the  powerful combination of 
continuum mechanics and numerical techniques ( f i n i t e  elements) ,  complex 
and p r a c t i c a l  geotechnical  problems may be solved a s  boundary value 
problems. 
Regarding t h e  s o i l ,  always made of a mult i tude of d i s c r e t e  mineral 
p a r t i c l e s ,  a s  a continuous medium, permits  a s  t o  describe the motion of 
i t s  g r a i n s  and t h e  f o r c e s  ac t ing  on them i n  a simple form. However t h i s  
d r a s t i c  assumption conceals  some fundamental physical  c h a r a c t e r i s t i c s  of 
t h e  ma te r i a l ,  which should be discovered by f u r t h e r  microscope s tudies .  
Among a l l  t h e  c o n s t i t u t i v e  t h e o r i e s  t r e a t i n g  s o i l  a s  a continuum, 
p l a s t i c i t y  remains t h e  most commonly ased i n  geotechnical  works. 
Although t h i s  theory was ased success fu l ly  f o r  metals ,  i t s  fundamental 
ideas  do not  f i t  exac t ly  t h e  more complex s o i l  behavior. I n  general ,  
bas i c  concepts, such a s  y i e l d  and p o t e n t i a l  sur faces ,  a r e  a r b i t r a r i l y  
mathematical and ha rd ly  v e r i f i e d  experimentally. When exhibi ted  by 
d i f f i c u l t  and lengthy experiments, these  su r faces  a r e  found t o  possess 
i r r e g u l a r i t i e s ,  such a s  corner  o r  v e r t i c e s .  Even b a s i c  p l a s t i c i t y  
requirements, such a s  Drucker's pos tu la t e ,  do not apply t o  s o i l s ,  which 
f requent ly  show a s train-sof  ten ing  behavior. 
Very r ecen t ly ,  Dafa l ias  and Popov brought about some changes i n  
p l a s t i c i t y  theory and r e c a s t  most of i t s  conventional concepts without 
changing i t s  mathematical formulation. This new t h e o r e t i c a l  framework, 
"bounding surface" p l a s t i c i t y ,  has been appl ied  t o  cons t ruc t  a new model 
f o r  sand. Step by s tep ,  each element of t h i s  new c o n s t i t u t i v e  r e l a t i o n  
has  been assembled. The e l a s t i c  con t r ibu t ion  was described by a t r u l y  
nonlinear  e l a s t i c  model. The p l a s t i c  flow d i r e c t i o n  was charac ter ized  
by a bounding surface  composed of two e l l i p s e s .  I ts  amplitude was 
determined by a r e l a t i o n  connecting t h e  p l a s t i c  modal i H and % with the  
d i s t ance  6 .  This new model, with eleven ma te r i a l  cons tants ,  descr ibes  
we l l  t he  behavior of t h e  dense Sacramento River sand. Since the  model 
i s  founded on rheologica l  behaviors commonly observed f o r  granular  
ma te r i a l s ,  it i s  be l ieved i t  may adapt t o  any sand by appropr ia te  selec-  
t i o n  of the  ma te r i a l  constants .  F i r s t ,  t h e  c o n s t i t u t i v e  equation was 
formulated i n  t h e  simple p-q space (axisymmetric loading)  i n  order  t o  
use the  only t e s t s  a v a i l a b l e  on t h e  Sacramento River sand, then  i t  was 
extended t o  more general  s t a t e s  of s t r e s s  by invoking t h e  i so t ropy 
. . 
assumption and a s p e c i f i c  con t r ibu t ion  of Lode's angle. I n  i t s  six- 
dimensional formulation, t h e  new model i s  ready t o  be implemented i n  a 
f i n i t e  element code t o  r ep resen t  t h e  rheologica l  behavior of sand. 
The new model has a c e r t a i n  advantage over any conventional p l a s t i c  
model : i t  can descr ibe  wi th  more f l e x i b i l i t y  t he  complex c y c l i c  behavior 
observed f o r  sands. The p l a s t i c  s t r a i n  amplitude i s  now c o n t r o l l e d  by a 
s c a l a r  r e l a t i o n  between H, % and 6 and i s  not  governed by complex 
r e l a t i o n s  descr ib ing  changes i n  hypersurf aces.  I n  t h e  present  a n a l y s i s ,  
t he  new model has only been v a l i d a t e d  f o r  monotonic loadings.  It had t o  
r ep re sen t  simple monotonic behavior be£ o r e  complex cyc l  i c  responses.  
However the  new model i s  be l ieved  t o  adapt t o  most experimental da t a  s e t  
obtained on sands during c y c l i c  loadings ,  e i t h e r  by ad jus t ing  t h e  value 
of t h e  parameter bZ, o r  by s l i g h t l y  modifying t h e  r e l a t i o n  between 
p l a s t i c  moduli H, Hg, and d i s t ance  6. 
Although t o t a l l y  completed, and ready t o  be used, t h e  new model may 
s t i l l  be improved i n  d i f f e r e n t  ways, 
The e l a s t i c  con t r ibu t ion ,  and e s p e c i a l l y  t he  dependence of t h e  bulk  
modulus upon t h e  d e v i a t o r i c  s t r e s s ,  was def ined  by a t h e o r e t i c a l  correc-  
t i o n  i n  o rde r  t o  conserve energy. It could be v e r i f i e d  experimental ly .  
Addi t iona l ly ,  a coupl ing between t h e  e l a s t i c  response and t h e  p l a s t i c  
i n t e r n a l  v a r i a b l e s  may improve the  r e p r e s e n t a t i o n  of sand densif  i c a t i o n  
during c y c l i c  loading.  
Like i n  convent ional  p l a s t i c i t y  theory,  t h e  s t r a i n  increment d i rec-  
t i o n  p red ic t ed  by the  new model was assumed t o  be independent of t he  
s t r e s s  increment d i r e c t i o n ,  This  assumption i s  cont ra ry  t o  experimental 
r e s u l t s  found by Tatsuoka and I s h i h a r a  [ A . l l r  but  could not  be modified 
according t o  i n s u f f i c i e n t  experimental evidence. When f u r t h e r  experi-  
mental da t a  become a v a i l a b l e ,  t he  p l a s t i c  flow d i r e c t i o n s  p red ic t ed  by 
the  new model may become dependent of t h e  s t r e s s  increment d i r e c t i o n .  
The mapping r u l e  ( r e l a t i o n  between t h e  s t r e s s  s t a t e  and t h e  image 
s t r e s s )  may depend on t h e  s t r e s s  increment. With such a  mapping r u l e ,  
t he  p l a s t i c  s t r a i n  d i r e c t i o n  may be r e l a t e d  t o  s t r e s s  increment d i rec-  
t i o n ,  while a  smooth form (no v e r t e x )  i s  preserved f o r  t h e  bounding 
sur f  ace. 
The amplitude of t h e  p l a s t i c  flow, def ined  by the  s c a l a r  r e l a t i o n  
connecting H, 5 and 6, could a l s o  be improved. The cons t an t s  e n t e r i n g  
t h i s  r e l a t i o n  a r e  f i t t i n g  parameters  without  physical  meaning. They a r e  
d i f f i c u l t  t o  determine, s ince  they a r e  evaluated by t r i a l  and e r r o r .  
Future  improvement may come from the  i n t r o d u c t i o n  of t h e  peak f a i l u r e  
l o c a t i o n ,  where t h e  p l a s t i c  modulus H becomes ze ro  f o r  any d i s t ance  6 ,  
and Hg. 
. . 
The inf luence  of Lode's angle  and i so t ropy  have p r e s e n t l y  been 
. . 
assumed f o r  convenience. Lode's angle  c o n t r i b u t i o n  y i e l d s  f o r  some 
va lues  of model cons t an t s ,  Me,  Mc, a  concave bounding su r f ace ;  t h i s  
e f f e c t  should be s tud ied  i n  three-dimensional t e s t s  wi th  d i f f e r e n t  
p r i n c i p a l  in te rmedia te  s t r e s s e s .  The i so t ropy  hypothesis ,  which b r ings  
a  good dea l  of s i m p l i c i t y  f o r  passing from axisymmetric s t a t e  t o  s ix-  
dimensional s t a t e ,  could a1 so be reexamined when s u f f i c i e n t  da t a  a r e  
a v a i l a b l e  on t h e  e f f e c t  of p r i n c i p a l  s t r e s s  r o t a t i o n .  
The e x i s t i n g  model, i n  i t s  present  s t a t e ,  may be implemented i n  a  
f i n i t e  element code, with the  numerical i n t e g r a t i o n  scheme, a s  se l ec ted  
by Dafa l ias  and Herrmann l5.71. This technique involves a  p red ic to r  
mu1 t ip le-correc t  or  method, which c a l c u l a t e s  t h e  equivalent  t angen t i a l  
s t i f f n e s s  and t h e  f i n i t e  s t r e s s  increment corresponding t o  a  f i n i t e  
s t r a i n  increment. This model implementation c o n s t i t u t e s  t h e  next 
immediate p ro jec t ,  and gives meaning t o  t h i s  new c o n s t i t u t i v e  equation. 
It w i l l  he lp  p rac t i c ing  engineers  t o  represent  sand behavior with more 
accuracy when deal ing  wi th  complex geotechnical  problems. 
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APPENDIX A 
TWO EXPERIMENTS BY TATSUOKA AND ISHIHARA 
A. 1 FIRST EXPERIMENT BY TATSUOKA AND ISHIHARA: ( A .  11 
The mater ia l  used i n  t h e i r  experiment i s  t h e  loose  F u j i  River sand. 
I n i t i a l  samples, a l l  of t h e  same dens i ty ,  were brought t o  a  common 
s t r e s s  poin t  X i n  t h e  p-q space (see  Fig. A.la) through 3 d i f f e r e n t  
s t r e s s  paths:  
a )  i s o t r o p i c  consol ida t ion  followed by an increase  of ax ia l  s t r e s s  
a t  constant  confining pressure  a3; t h i s  s t r e s s  path i s  
represented by OAOx i n  Fig. A.la. 
b )  i s o t r o p i c  conso l ida t ion  f  01 lowed by an increase  of dev i a t o r i c  
s t r e s s  q a t  constant  mean pressure  p; t he  s t r e s s  pa th  i s  
represented by OBog. 
c )  cons tant  s t r e s s  r a t i o  t e s t ,  t he  a x i a l  and r a d i a l  s t r e s s e s ,  a 1 
and a3 , a r e  increased  simultaneously such t h a t  the  r a t i o  q = P 
remains constant ;  t h e  s t r e s s  pa th  i s  represented by OX. 
Af ter  reaching t h e  s t r e s s  s t a t e  X, "small" increments i n  s t r e s s ,  with 
constant  amplitude but d i f f e r e n t  d i r e c t i o n s ,  were imposed on t h e  
samples. Then t h e  s t r e s s  increments a r e  removed so t h a t  the  sample was 
brought back t o  s t a t e  X. A l l  t h e  performed s t r e s s  path and s t r e s s  
cyc les  a r e  presented i n  Table A l .  The volumetr ic  and dev ia to r i c  p l a s t i c  
s t r a i n ,  denoted r e spec t ive ly  8: and ePI which remained a f t e r  t h i s  cycle 
'I 
Fig .  A.1. F i r s t  experiment By Tatsuoka and Ishihara on the loose  Fuji  
River sand 
a )  s t r e s s  paths and s t r e s s  increments about a common s t r e s s  
s t a t e  X ( s ee  Table A . l )  
b )  measured p l a s t i c  s t r a i n s  re su l t ing  from s t r e s s  increments 
( s e e  Table A.1).  

weremeasuredandplottedin Fig. A.lb i n  t h e  form of vectors.  A 
summary of t e s t  r e s u l t s  represented i n  Fig. A. l  i s  found i n  Table Al. 
A.2 SECOND EXPERIMENT BY TATSUOKA AND ISHIHARA: ( A . 1 )  
The mater ia l  i s  s t i l l  the  loose F u j i  River sand. The sample i s  
subjected t o  t h e  s t r e s s  path represented i n  Fig. A.2a. The measured 
values of volumetric and dev ia to r i c  s t r a i n  a r e  p lo t t ed  i n  Figs. A.2b and 
A.2c versus t h e  s t r e s s  r a t i o  q = ;. The sample, consolidated under a 
confining pressure of 2.0 kg/cm2, was sheared t o  t h e  s t r e s s  r a t i o  
represented by point  2; and a f t e r  f u r t h e r  consolidat ion t o  point  4 
following p a r t i a l  removal of t h e  shear s t r e s s  q, the  sample was again 
subjected t o  a cycle of shear s t r e s s .  Figs. A.2b and A.2c show tha t ,  
during t h i s  reloading, both the  volume and shear s t r a i n s  change l i t t l e  
u n t i l  a  c e r t a i n  s t r e s s  r a t i o  i s  reached, whereupon appreciable increase 
occurs subsequently i n  each s t r a i n  component. The s t r e s s  r a t i o  a t  which 
the  appreciable s t r a i n s  begin t o  take place was determined on t h e  
diagram and designated by the  point  5 i n  Figs. A.2b and A.20. This 
point  i s  defined a s  t h e  y i e l d  point .  The sample was subjected t o  
f u r t h e r  cycles of consol idat ion and shear s t r e s s  according t o  the  scheme 
of s t r e s s  paths indicated  i n  Fig. A.2a. I n  each reloading path, s t r a i n s  
were examined and y i e l d  p o i n t s  a t  each stage were determined a s  
indicated by t h e  po in t s  9,  13 , and 17. 
From these t e s t s ,  two successive y i e l d  po in t s  located  a t  d i f f e r e n t  
por t ions  of the  same y i e l d  surface a r e  recorded. For instance,  t h e  
Fig.  A . 2 .  Second experiment by Tatswka and Ishihara on the loose Fuji  
River sand 
a )  s t r e s s  path followed during the t e s t  
b)  measured volumetric s t r a i n  versus q/p 
c )  measured deviatoric s t r a i n  versus q/p. 
points  2 and 5 of Fig. A.3a belong t o  the  same surface,  since they a r e  
connected by a s t r e s s  path i n  the  e l a s t i c  domain (namely, 2,3,4,5). 
Each of these po in t s  i s  represented by the  coordinates: pA,qA and pB,qB. 
With a t r i a l  and e r r o r  approach, Tatsnoka and I sh iha ra  p lo t t ed  t h e  
following q u a n t i t i e s  (see  Fig, A.3). 
(qB - qA) / (pB - pA) versus (pA + 
I f  the  y i e l d  p o i n t s  were c lose  enough, the  following q u a n t i t i e s  
respect ively  represent  l i m i t s :  
d g / d p  and p 
Then the  re la t ionsh ip  es tabl ished i n  Pig. A.3 can be expressed as:  
where f  ( p )  i s  an a n a l y t i c a l  function, which descr ibes  the  curve of 
Fig. A.3. By a r b i t r a r i l y  s e t t i n g  reference s t r e s s e s  po and qO, the  
r e l a t i o n  (1) y i e l d s  by i n t e g r a t i o n  t h e  y i e l d  surface equation 
The r e s u l t s  obtained from r e l a t i o n  A.2 a r e  compared with the  experimen- 
t a l  data i n  Fig. A.4. 
F i g .  A . 3 .  Y i e l d  c h a r a c t e r i s t i c  o f  the  l o o s e  F u j i  River sand. 
8 + 
-: predicted loci 
- ; measured loci 
F i g .  A . 4 .  P r e d i c t e d  y i e l d  l o c i  a s  compared w i t h  measured l o c i .  
APPENDIX B 
DRUCJiER ' s  POSTULATE 
Consider a  ma te r i a l  element, which i s  i n  a  c e r t a i n  i n i t i a l  s t a t e  of 
s t r e s s  QO. An ex te rna l  agency app l i e s  add i t iona l  s t r e s s e s  t o  t h i s  ele-  
ment and then  removes them. It i s  assumed t h a t  the  changes a r e  slow 
enough f o r  the  process t o  be isothermal.  Druckerfs  pos tu la t e  may be 
enunciated i n  t h e  following way: 
( i )  During loading t h e  add i t iona l  s t r e s s e s  do p o s i t i v e  work. 
( i i )  During t h e  complete cycle of add i t iona l  loading and unloading 
t h e  add i t iona l  s t r e s s e s  do p o s i t i v e  work i f  g l a s t i c  s t r a i n s  
a r e  produced. 
Figure B.l shows a  schematic r ep resen ta t ion  i n  s t r e s s  space of the  cycle 
of loading and unloading imposed by the  ex te rna l  agency. Consider a  
loading pa th  wi th  the  fol lowing s t r e s s  s teps :  QO#Qanda + da. From t h e  
s t r e s s  , the  i n f i n i t e s i m a l  added s t r e s s  da  produces the  corresponding 
e l a s t i c  s t r a i n  dae and t h e  p l a s t i c  s t r a i n  dEp. The s t r e s s  r e t u r n s  from 
g + da  t o  by an a r b i t r a r y  path. According t o  h a c k e r ' s  pos tu la t e  
( i i ) ,  t he  work done by t h e  add i t iona l  s t r e s s e s  during t h e  complete cycle 
i s  pos i t ive ,  i . e .#  
$ (rid - . > 0 
ZJ i j  (sum on is j=1,2,3) cycle 
yield surface 
LC 
Fig. B.1. Cycle of loading-unloading for Druoker's postulate. 
where T i j  Is represent  t h e  va r iab le  s t r e s s e s  during the  cycle. 
For the closed path, the work done by the addi t ional  s t r e s s e s  and 
the  e l a s t i c  s t r a i n s  i s  zero, hence 
0 J T i  - d .  = 0 
*J 
(sum on i , j=1,2,3)  (B.2) 
cycle 
But since s t r a i n s  a r e  the  sum of e l a s t i c  and p l a s t i c  s t r a i n s  from 
(B.1). i t  i s  concluded t h a t  
0 I (cij - cij ) d ~ ?  > 0 (sum on i , j=1,2,3)  (B.3) 
cycle l j  
P l a s t i c  deformation takes  place only i n  t h e  in f in i t e s imal  p a r t  
$2 e + da. The following equa l i ty  holds 
$ (c i j  - =ij Ids? i j  ( r . .  - =ij)d8? 
cycle II. 1~ l j  
Applying the  mean value theorem, and assuming t h a t  da i s  small 
i j  
compared t o  f o r  any i, j, then r e l a t i o n s  (B.3) and (B.4) y i e l d  i j 
Consider now another cycle, where go i s  equal t o  g. By v i r t u e  of the  
Drucker's pos tu la te  ( i )  f o r  t h e  loading process Q t o  a + da, r e l a t i o n  
(B.4) becomes 
d u , .  de. .  > o (sum on i , j  = 1,283) (B.6) 
1J 1J 
From t h e  second p a r t  of t h e  p o s t u l a t e ,  f o r  t h e  fol lowing cyc le  g t o  
It + da back t o  a, r e l a t i o n  (B.6) becomes 
du. .  ' de") + do. .de!7) > 0 (sum on i. j = 1.2.3) i j (B.7) 1J Y 1J 
when dg(+).  d8(-) correspolui r e s p e c t i v e l y  t o  dg  and -da; but  using r e l a -  
t i o n  (B.2) i t  fo l lows  t h a t  
Theref o r e  i t  i s  concluded t h a t  
duij dep > 0 (sum o n i , j  = 1 , 2 , 3 )  
i j  
APPENDIX C 
LIST OF SYMBOLS 
The symbols a r e  ordered i n  t h e  fol lowing groups. 
C.1. Kinematics 
C.2. Kine t i c s  
C.3. E l a s t i c - p l a s t i c  models 
C.4. E l a s t i c  model 
C. 5. von Mises' model 
C. 6 .  Lade ' s  model 
C.7. New sand model. 
Each symbol i s  r e l a t e d  t o  t h e  s e c t i o n  where i t  i s  f i r s t  introduced. 
Some q u a n t i t i e s  r e l a t e d  t o  kinematics  o r  k i n e t i c s  and s t a r t i n g  wi th  t h e  
l e t t e r  "dtl a r e  not  def ined i n  t h e  1 i s  t of symbols: they  r e f e r  t o  an  
increment of t h e  q u a n t i t i e s  def ined  without  a  "d" r egg. ,  deV i s  t h e  
increment of vo lumetr ic  s t r a i n  eve 
C.1 .  Kinematics 
NOTATION I MEANING I SECTION 
I 
I p o s i t i o n  of a  ma te r i a l  pa r t i -  1 2.1 I c l e  
B,ui ( i=1,2,3)  
I 
I displacement of a  p a r t i c l e  
I 
u  
I a ui iSj ,  ( i , j=1 ,2 ,3 )  I displacement gradient  
I 2*1 1 2.1 
I 
I j 
- 
a 
I 
i , j ,  ( i ,  j=1,2,3) I average displacement gradient  I 
V I volume 
I 
b e i j  ( i , j=1 ,2 ,3 )  I i n f i n i t e s i m a l  s t r a i n  t enso r  
I '*' 
I 
p r i n c i p a l  s t r a i n s  
volumetr ic  and dev ia to r i c  
s t r a i n  
t o t a l ,  e l a s t i c  and p l a s t i c  
u n i a x i a l  s t r a i n  
e l a s t i c  s t r a i n  t enso r  
p l a s t i c  s t r a i n  t enso r  
e l a s t i c  and p l a s t i c  volumetr ic  
s t r a i n  
e l a s t i c  and p l a s t i c  d e v i a t o r i c  
s t r a i n  
d i r e c t i o n  of p l a s t i c  s t r a i n  
increment 
void r a t i o  and i n i t i a l  void 
r a t i o  
e l a s t i c  and p l a s t i c  void  r a t i o  
norm of dg  
norm of dgp 
C.2. Kinetics 
NOTATION I MEANING I SECT I O N  
I 
Z,-rij (3, j=1,2 $3 1 I Cauchy s t r e s s  tensor 
I 
!Laij ( i, j=1,2 ,3 1 I Canchy s t r e s s  tensor  I 2.3 
- - 
I 
P.aij (i. j=1,2.3) I s t r e s s  tensor a t  image point 
zo,ao (i,  j=1,2,3) 
I I i n i t i a l  s t r e s s  i j 
I '-' 
I 
S . .  (i, j=1,2,3) / dev ia to r i c  s t r e s s  tensor  1 3.2.1 1J I 
mean pressure and devia tor ic  
s t r e s s  
I i y i e l d  s t r e s s  
I 
1 q = q/p and i t s  i n i t i a l  value 5.3.3 
I 
f i r s t ,  second and t h i r d  s t r e s s  3.4.1 
invar ian t  I 
. . I 
Lode's angle 1 3.4.1 
I 
f i r s t ,  second and t h i r d  s t r e s s  1 5.8.2 
invar ian t  a t  image point  I 
. . 
Lode's angle a t  image point  
I 
i I p l a s t i c  work 
I 
I t r a c t i o n v e c t o r  
I 
1 d i r e c t i o n  of s t r e s s  increment I i n  p-q space 
I I pr inc ipa l  s t r e s s  
I / pore pressure 
C.3. E l a s t i c - p l a s t i c  Models 
NOTATION I MEANING 1 SECT ION 
I I 
E,nij ( i ,  j=1,2,3) I u n i t  vec to r  t o  y i e l d  o r  bound- 1 3.2.1 I ing sur face  I 
E,mij ( i, j=1,2,3 1 
I I u n i t  vec to r  t o  p l a s t i c  poten- 1 3.2.2 I t i a l  sur face  
f ( a , n )  = 0 
I 1 y i e l d  sur face  equat ion  I 
I 1 3*2*1 
E,r i  ( i = l , n )  I parameters of y i e l d  sur face  
I 
S,si  (i=l,m) i parameters of p o t e n t i a l  I sur face  
I 
1 3*2*2 
I 
g(%,s) I p l a s t i c  p o t e n t i a l  funct ion  1 3.2.2 
I 
H p l a s t i c  ~ O ~ U ~ U S  i 3.2.3 
I I 
=,[XI I Heaviside 's func t ion  I 3.2.3 
I 
< > i Macaulay I s  f u n c t i o n  i 3.2.3 
I I 
I y i e l d  sur face  i n  t h e  p-q space 1 3.3 
I i u n i t v e c t o r t o y i e l d o r b o u n d -  i 3.3 I ing su r face  i n  p-q space I 
I 
I u n i t  vec to r  t o  p l a s t i c  poten- 
I 
I t i a l  sur face  i n  p-q space 
I 
1 3*3 
I s c a l a r  I 1 3.3 
I I ( slope i n  un iax ia l  t e s t  1 4.1 
I I 
I slope of bound i n  un iax ia l  1 4.1 
1 t e s t  
bounding sur f  ace equat ion  
I d i s t ance  between s t r e s s  s t a t e  and image poin t  I 4*2 
C.3. Continued 
NOTAT ION 1 MEANING I SECTION 
I I I minimm distance 6 1 4.2 
'min I I 
6 . .  ( i ,  j=1,2,3) 1 Kronecker symbol 1 3 .1  
1J I I 
x I scalar 1 4.2 
I 
( p l a s t i c  modulus i n  p-q space 
1 
H* 1 3 . 3  
I I 
p l a s t i c  modulus on bounding 
surface I 
C.4, E l a s t i c  Models 
NOTATION I MEANING 1 SECT I O N  
'9 #V0 I Poisson's  r a t i o  I 1 3.53, 5.2 
B 
I 
bul  k modulus 
I 
I 1 3.5.3 
G 
I 
shear  modulus 
I 
I 1 3.5.3 
E 
I 
Young ' s modulus 
I 
I I 5.2 
A 
I 
Lame ' s constant  
I 
I 1 5.2 
I I 
Bo I e l a s t i c  model cons tant  
n I 
C.5. von Misest Model 
NOTATION I MEANING I SECTION 
a.. ( i ,  j = l D 2 * 3 )  I c e n t e r  of y i e l d  su r face  I 
=J 
k 
I I model parameter I '*".' 1 3.2.1 
I I 
qc I y i e l d  s t r e s s  i n  compression 1 3.2.1 I I y i e l d  s t r e s s  i n  t ens ion  I t 
R I y i e l d  sur face  r ad ius  1 ::::: 
C.6.  Lade's Model 
NOTATION I MEANING I SECrION 
I 
I3  i t h i r d  s t r e s s  increment 
K 
I I y i e l d  surface parameter 
I '*".' 1 3 . 2 . 1  
I I 
/<2 i p o t e n t i a l  snrface parameter i 3 . 2 . 2  I I 
5 i 1 3 . 2 . 2  
A 
I I material  constant  I 
I 
f t  I 
1 3 * 2 - 2  
a 
I 
I 
I 3 * 2 * 3  1 3.2 .3  
d 
1 I 
I 1 3 .2 .3  
r 
I I 
f I I 
/(I 1 
I 3 * 2 * 3  
1 3 . 2 . 1  
M 
I I 
I 
I I I 3 * 2 * 3  1 3 .2 .3  
C.7. New Sand Model 
NOTATION I 
I 
Mc b ~ e  I I 
I 
M*c. M*, I 
I 
if 
K 
i' 
max 
MEANING I SECI'ION 
I 
slope of c r i t i c a l  s t a t e  f o r  i 5 -3.1 
p o s i t i v e  and negat ive q I 
slope of c h a r a c t e r i s t i c  s t a t e  
I 
I 5.3.2 
f o r  p o s i t i v e  and negat ive q I 
c r i t i c a l  s t a t e  parameters 
I 
I 5.3.1, 5.4 
I 
c r i t i a l  s t a t e  parameters 
i n t e r p a r t i c l e  f r i c t i o n  angle 
s c a l a r  
s i z e  of bounding surface  
slope of bounding surface 
s c a l a r  
z = P  
EAI, 
aspect  r a t i o  f o r  bounding 
surf  ace 
slope of c r i t i c a l  s t a t e  
s c a l a r  
normal ized p l a s t i c  modulus on 
bounding surface  
normal i z  ed d is tance  
normal i z  ed maximum dis tance  
normal i z  ed minimum dis tance  
C. 7.  Cont inned 
NOTAT ION I MEANING I SECT ION 
I I 
a(") i func t ion  of q f o r  r e l a t i o n  i 5.5.2 
I between H,~$,s 
I 
I 
I 
"P i model const  a n t  i 5.5.2 I I 
a 
0' a1 I I 5.5.2 
b 6) I f u n c t i o n  of f o r  r e l a t i o n  I I I 5.5.2 I between H,%'tj I 
I I 
bl 'b2 I model c o n s t a n t s  I 5.5.2 I . 
g(eDB)  I funct ' ion of Lode's angle  8 1 5.8.1 I 
I and fl I 
I 
model cons tan t  j3 = Me/Mc I I3 I I 5.8.1 
I I 
N, Np I model c o n s t a n t s  I 5.8.2 
